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ABSTRACT

This article describes an improved strapdown rotation test (SRT) for calibrating the
compensation coefficients in a strapdown inertial measurement unit (IMU). The SRT consists of
a set of IMU rotation sequences and processing routines that enable precision determination of
IMU gyro/accelerometer misalignment, gyro/accelerometer scale factor, and accelerometer bias
calibration errors, all without requiring precision rotation fixtures and IMU mounting
procedures. A key advantage for the new procedure is the ability to measure an individual
sensor error using a single rotation sequence (as opposed to multiple rotation sequences required
with previous approaches). The improved SRT is compatible with a broad range of IMU types
from aircraft accuracy inertial navigation systems to low cost micro-machined electronic module
systems (MEMS). This article describes the general theory for the improved rotation tests,
rotation test operations, data collection during test, post-test data processing, rotation test fixture
requirements, and an analysis of SRT accuracy in determining IMU sensor errors.

1. INTRODUCTION

The Strapdown Rotation Test (SRT) is a test procedure designed for rapid
measurement/calibration of inertial sensor error parameters in a strapdown inertial measurement
unit (IMU). The principle advantage of the SRT is the ability to precisely determine sensor
errors (e.g., misalignments) to urad accuracy using moderate accuracy (one milli-rad) rotation
test fixturing. The SRT is performed by executing a series of IMU rotation sequences with the
IMU mounted on a two-axis rotation fixture.

In the original SRT concept disclosed in 1977 [1], recorded test measurements were the rate
of change of inertially computed horizontal velocity following each rotation sequence.
Horizontal velocity was calculated within the IMU using standard strapdown inertial navigation
software routines. Before initiating inertial navigation, each rotation sequence was preceded by
a stationary inertial-sensor-based alignment of IMU computed attitude.

The basic principle underlying the [1] approach is that following initial alignment, an IMU
with ideal (error free) inertial sensors will have zero computed inertial velocity when stationary



following a rotation sequence. Non-zero stationary velocity rates measure the effect of sensor
errors excited by the rotation sequence. In general, a stationary inertial alignment will produce
zero computed horizontal velocity rate at inertial navigation entry [2, Sect. 14.5]. Following
inertial alignment, an SRT rotation sequence will then excite gyro errors into inertial navigation
computed attitude and reposition the accelerometers (and their errors), both effects generating
non-zero horizontal inertial velocity rate when stationary at rotation sequence completion.
Stationary horizontal velocity rate following a rotation sequence then became the primary [1]
measure of composite gyro/accelerometer error effects, each rotation sequence producing a
different combination of sensor errors on the measurement. Analytical routines within the SRT
translated the measurements into the sensor errors that created them (an analytical linear
inversion process).

Ref. [3] replaced the inertial alignment preceding each rotation sequence by a single inertial
alignment at SRT start. Inertial navigation velocity rate was then recorded at stationary periods
between rotation sequences. Measurements for sensor error determination were the difference in
stationary horizontal velocity rates before and after each rotation sequence. As in [1], individual
sensor errors were determined by processing the group of measurements at SRT completion.

The [3] single alignment approach with before/after rotation sequence measurement was then
incorporated into a revised [1] concept [2, Sect. 18.4] that also replaced the [1, 3] velocity rate
measurements with averaged horizontal accelerations from a strapdown ““analytic platform”. An
analytic platform is a computational element in a strapdown IMU that incorporates a direction
cosine matrix (DCM) to rotate (“transform”) rotating strapdown accelerometer signals into a
non-rotating reference coordinate frame. The resulting non-rotating accelerations emulate what
would be output from accelerometers directly mounted on a physically controlled non-rotating
gyro-stabilized gimbaled platform. For the SRT, the analytic platform would reside as software
in the IMU under test or in the SRT test computer. The latter concept is depicted in Fig. 1, the
DCM being calculated in the “Attitude Computation” block using IMU gyro measured inertial
rotation rates corrected for earth’s inertial rotation rate.

This article is a condensed version of the three part [4, 5, 6] article describing the latest form
of the SRT. The new SRT eliminates the [1, 2, 3] inertial sensor-based DCM alignment prior to
executing rotation sequences, thereby expanding applicability to IMUs with sensors lacking the
accuracy required for inertial alignment, e.g., MEMS (micro-machined electronic system) IMUs.
Each rotation sequence in the new SRT has been designed for independent measurement and
determination of a particular sensor error parameter, thus, simplifying measurement data
processing, reducing second order error buildup in attitude and potential sensor error shifts over
the time required to determine a sensor error (compared with [1, 2, 3] where the time to
determine a sensor error spanned inertial DCM alignment and multiple rotation sequence
measurements), and reducing sensor error parameter determination uncertainty caused in [1, 2, 3]
by inverting multiple measurements, each having modeling approximation errors. The
underlying SRT principle, however, remains the same; that the change in stationary horizontal
acceleration over a rotation sequence is a measure of IMU sensor calibration errors.
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Fig. 1. Strapdown Rotation Test (SRT) Setup

This article describes the improved SRT and how it would be implemented using a modest
accuracy (e.g., 0.1 deg) two-axis rotation test fixture. Section 2 defines notation, coordinate
frames, and parameter definitions used in the article. Sections 3 — 7 define the improved SRT
rotation sequences, data processing routines for generating SRT acceleration measurements, and
computational routines for extracting sensor calibration errors from the measurements. Section 8
describes a modern day iteration process that can be used for SRT accuracy enhancement.
Section 9 provides a detailed error analysis showing how SRT sensor error determination
accuracy is impacted by IMU mounting error on the rotation test fixture, rotation fixture error in
executing SRT rotations, uncertainty in rotation fixture orientation relative to north/down,
approximations in SRT processing equations, and IMU sensor calibration errors prior to SRT
execution. Section 10 describes how outputs from an IMU with SRT recalibrated sensors can
then be used to determine IMU sensor assembly to mount misalignments for calibration
correction.

2. NOTATION, COORDINATE FRAMES, AND PARAMETER DEFINITIONS

2.1 NOTATION

V = Vector having length and direction.

74 = Column matrix with elements equal to projections of V on coordinate frame A axes, i.e.,

the dot product of /' with a unit vector parallel to each coordinate axis.



(KA ><) = Skew symmetric (or cross-product) square matrix form of ZA represented by

0 =Vza Vw
V74 0 — Vx4 | where—Vx4 , Vyy, V74 are components of KA . The matrix
-Vya Vxy 0

product of (KA x) with another 4 frame projected vector equals the cross-product of KA
with the vector, i.e., (ZA X) EA = ZA X EA .
Cf112 = Frame 4, to A4; direction cosine matrix (DCM) that transforms a vector from its 4,

projection to its 4; projection, i.e., V4l = lez V42 . An important property of lez is that

its inverse equals its transpose.

40

()= DerivativeT of parameter ( ) with respect to time ¢.
t

2.2 COORDINATE FRAMES

B = Sensor frame fixed relative to IMU inertial sensor axes that rotates with the IMU. The B

frame angular orientation relative to sensor axes is arbitrary based on user preferences.
Bss+ = Non-rotating coordinate frame relative to the earth and aligned with the B frame at the

start of an SRT rotation sequence. Nominally, one of the Bg;,, axes would be aligned with

the local vertical if the IMU being tested is perfectly mounted on an idealized rotation
fixture.
BEna = Non-rotating coordinate frame relative to the earth and aligned with B at the end of a

rotation sequence.
Bi syt = Non-rotating coordinate frame relative to the earth and aligned with B at the start of

rotation 7 in a rotation sequence.
Bi Eng = Non-rotating coordinate frame relative to the earth and aligned with B at the end of

rotation 7 in a rotation sequence.

MARS = Designation for a “mean-angular-rate-sensor” B frame selection, the orthogonal frame
that best fits around the actual strapdown gyro input axes.

NED = Earth fixed coordinate frame with axes aligned to local north, east, down directions.

2.3 PARAMETER DEFINITIONS

C_YB = Angular error vector in B frame coordinates between the nominal and actual B frames
caused by IMU mounting error on the rotation fixture, rotation fixture installation error,
and rotation execution error.

BSwt BStrt _ B .
et o gt = o at rotation sequence start and end.

gng = True specific force acceleration vector in B frame coordinates.



~B
=IMU accelerometer measurements of QgF .

4sr
~Bsirt _ ~B .
agp "= g transformed to the B, frame by SRT computation.
(Zzglf”’ ! ) , (&gg” ! ) = Zzggm average values when the IMU is stationary at start and
- StrtAvg \™ EndAvg
end of a rotation sequence.
o Bswe A BSit - (aBStrt) (;ZBStrt) )
=SF Strt° —SF End =SF StrtAvg =Sr EndAvg

Bswt  BEnd _ ; B .
Agpet > Aspm =True specific force (agy ) at the start and end of a rotation sequence when the

IMU is stationary.
Bsut BEnd _1; i i i i i i
A SFSrign’ A SFb"lign = Diagonal matrices with elements of unity magnitude and sign (plus or minus)
f aBSrt  gBEnd  Beca Bsirt g BEnd gy ard, the diagonal element
0 QSFStrt ’ gSFEna’ ccause QSFStrt’ QSFEnd ¢ upw d’ e d g0 clements

Bstrt BEnd ; Bsuyt ,,BEnd
OfASFSign , ASFSign equal the negative of u >, u i .

oSt ~BSwt = SRT calculated downward IMU acceleration measurements at rotation
Strt Down” “ End Down

sequence start and end.

~BStrt ~BEnd _ ~BStrt ~BStrt i
ADownk® dDownk = Y alues of 5 oo Do and 4  Down for rotation sequence k .

BStrt BStrt — ; ; ~BStrt ~BStrt
Aot born’ CEnd Down SRT error model approximations for , Sivt Do’ CEnd Down”

.

Bi= IMU angular rate around rotation axis i.

agS’r *=DCM computed with IMU gyro data.

cBsut  ~BStrt = DCMs in measurement error models.

Bi,Strt BEnd
(Ajﬁ%’l’)’ = Approximated DCM based on IMU orientation.

5a§i§t§ " 5a§1{§2dd = Errors in &ggm at the start and end of a rotation sequence in Bg,, and
- Iy - n -

BEng coordinates.
OWp,im> O Douant = Gyro triad random and quantization output noise vectors.

O xj =Error in determining sensor error y; due to SRT measurement approximation errors.

Aéz&” = The difference between stationary horizontal acceleration measurements in

the B, frame at the start and end of a rotation sequence. SRT calculated as the difference

between the horizontal components of o Bt L3St
=SF End =SF Surt

A(;f gt = Component j (x, y, or z) of Ac_}gs” "for rotation sequence k.

~BStrt

Agfls” = SRT error model approximation for Aq a



Aaf 2rt = Component j (x, y, or z) of Agf]S” " for rotation sequence .

e( )=SRT parameter( )model approximation error.

e ( B Strt

oy = Approximation error in ¢35

P due to neglecting gyro bias effects during a

)GyroBias Rot
rotation sequence.

BStrt

e( Agg&rt) = Approximation error in Ac_zZS” " due to neglected gyro bias effects in ¢ T -

GyroBias

BStrt)
e Aa .
( jk GyroBias

F Mmeas = Measurement averaging filter output scale factor to constant input.

= e( Aaf]Strt) component j (x, y, or z) for rotation sequence k.
- GyroBias

g = Plumb-bob gravity magnitude at the test site.
H ;. = Coefficient connecting Aaf S 10

i = Subscript designating the rotation number in a particular SRT rotation sequence.

I = Identity matrix.

KBias» KLinScal> KMis> K 4sym = Qyro triad bias error vector and linear scale factor, misalignment,
asymmetrical scale factor error matrices.

Ki»> Kii» Ki j» Kiii = Gyro i components of Kp.. . KLinScal> KMis> K Asym -

[ = Latitude of the test site.

ABiass A LinScal> AMis> A 4sym = Accelerometer triad bias error vector and linear scale factor,
misalignment, asymmetrical scale-factor error matrices.

Ai» Aiis Ai j» Aiii = Accelerometer i components of Ao A, o s Aniss A dsym -

Ap, dmsirt’ Ap, dmEnd’ ngu ant g, L?,Qu ant gy = Accelerometer triad random and quantization

output noise during SRT stationary measurements at the start and end of a rotation
sequence.
Hij= Accelerometer i misalignment to the MARS B frame axis j.

n = Subscript designating rotation number i for the last rotation in a particular SRT rotation

sequence.
w. =Magnitude of earth inertial rotation rate.

Qév ED_ Earth rotation rate vector in NED coordinates.

Qfsm , Z)eB Si'= Nominal and SRT estimated earth inertial rotation rate vectors in

B sy coordinates.

é)Bz IMU gyro triad measurement of the inertial angular rotation rate vector in the B frame.

Q§B= B frame angular rate relative to the earth (EB subscript) in B frame coordinates
(superscript).

QgBSi an= Diagonal matrix with elements of unity magnitude and sign (plus or minus) of Q]gB .



?BStrt’ ?g%t =Rotation angle error vector imbedded within (Ajgs”” during and at the end of a
rotation sequence.

@; = Signed magnitude of angular rotation around axis i.

tsy¢= Time at the start of an SRT rotation sequence when the first acceleration measurement is
taken.

T meas = Time interval for making each SRT acceleration measurement at start and end of a
rotation sequence.

tSeqstre = Start time of the first stationary acceleration measurement averaging process for a
rotation sequence.

~BStrt _
UDwn
coordinates.

SRT computed downward unit vector (along plumb-bob gravity) in Bg,, frame

ggfjg, ggfv’;ld = Downward unit vectors in the Bg,,and Bp,,; frames used in SRT measurement

error models.

u gﬁg = Unit vector downward (along true plumb-bob gravity) in NED frame coordinates.

uBi,Slrt —

u; Unit vector along axis of rotation i in a rotation sequence. Defined for the SRT to be

along a particular IMU B frame axis; e.g., for rotation i around B frame axis x, y, or z,
uB55=11 0 0], [0 1 0] o0 0 1]".
v; j = Orthogonality error between IMU gyro axes i and .

x; = Sensor error parameter determined from A&? ot

3. IMPROVED SRT ROTATION SEQUENCES

The improved SRT rotation sequences are defined in Table 1, and were designed in [4, Sect.
6] for execution using a two-axis rotation fixture with outer axis horizontal. The Table 1
sequences assume an IMU mounting on the rotation fixture with z axis (of a right-handed
mutually orthogonal x, y, z set) aligned with the inner rotation axis and downward when the
outer axis rotation angle is zero. The IMU x, y axis mounting is defined to have the y axis
aligned with the outer rotation fixture axis when the inner axis rotation angle is zero.

For the IMU x, y, z axis configuration and rotation definitions, the Table 1 rotation sequences
separate into five groups, each for measuring particular IMU sensor error characteristics: 1)
Sequences 1 — 3 for x, y, z gyro scale factor error, 2) Sequences 4 - 5 for y to z and z to x gyro-
to-gyro orthogonality error, 3) Sequence 6 for x to y gyro orthogonality error, 4) Sequences 7 —
12 for accelerometer-to-gyro misalignment error (x accelerometer to y gyro, x accelerometer to
z gyro, zto X, Zto y, y to z, and y to x), and 5) Sequences 13 — 14 for x, y accelerometer bias.
Accelerometer z bias is obtained from the group 4 sequence 7 measurement component not
containing accelerometer-to-gyro misalignment.



TABLE 1

Improved Strapdown Rotation Test Sequences

Initial IMU Axis Directions Initial Rotation

Sequence  Vertical Along Outer Fixture Angles

Number Down Rotation Axis Inner  Outer Sequential IMU Axis Rotations
1 z y 0 0 +360 y
2 z X +90 0 +360 x
3 X y 0 -90 +360 z
la z y 0 0 -360 y
2a z X +90 0 -360 x
3a X y 0 -90 -360 z
4 zZ y 0 0 +180y,+180z,+180y, +180 z
5 z X +90 0 +180 x, +180 z, +180 x, +180 z

+180y, +90 z, +180 x, +90 z,

6 X y 0 -90 +180}3/1, +90 7, +180 x, +90 7
7 y X +90 +90 +180 x
8 V4 X +90 0 +180 x
9 X y 0 -90 +180 z
10 y X +90 +90 +180 z
11 z y 0 0 +180y
12 X y 0 -90 +180 y
13 z y 0 0 +180z,+180y
14 z X +90 0 +180 z, +180 x

*Note - Rotation sequences la - 3a are not needed when gyros have no scale factor asymmetry.

From [4, Egs. (3)], the components of ag

4. SRT DATA COLLECTION

~B Slrt

in (1) next represent the “Reference Frame

Accelerations” in Fig. 1, the reference frame bemg the B frame at the start of a rotation sequence

(i.e., Bsyr). Theg

Algorithm” block in Fig. 1, calculated as the average of ag

the start and end of the rotation sequence.

~BStrt gB Strt
SFStrt =SF End

~BStrt _ ~BStrt = ~B
asp ~CB 4sF

ZZ‘BStrt = (’\BSmj
~SFEnd  \=SF EndAvg

~ B Strt _

~BStrt

aSﬂ‘tDown —Dwn ’ _SFSIVt

components in (1) are outputs from the “Average Acceleration

~BStt , NED
Upywn — CNED Y Dwn

"BStrt ABStrt +

~B Strt

;B Strt | ~BSut

=SF Stre —=SF StrtAvg

A&BS”’ _ (ABStrt _ ~Bst )
=H =SFEnd  —SF Surt H

upn =10 0 1]

~ Bt _"BSut ZZBSm
aEI’ldDown ZDwn * _SFEI’ld

8

over a designated time period at

+g



Each acceleration averaging measurement typically lasts 10 seconds using a simple linear
averaging or average-of-averages type algorithm. The 6%%’]”5 matrix in (1) is the orientation of

the IMU B frame relative to local NED (north, east, down) coordinates at the start of the rotation
sequence, approximately known from the rotation fixture north orientation in the test facility and

IMU mounting orientation on the text fixture. The 6§S” * matrix in (1) is the output of the Fig.
1 “Attitude Computation” block, calculated from [4, Egs. (4)] as an integration process in (2)
next from the start of each rotation sequence. Note in (2) that the ag&r ! matrix is initialized at
identity, thus designating the B fame at the start of the sequence as the reference frame in Fig. 1

BStrt
e

for “Reference Frame Acceleration” measurements. It is also to be noted that é) in (2) was

determined in the [1, 2, 3] approaches as part of lengthy inertial alignment operations.

Bt — 4t By ~BStt — 2~ Bsirt (’“B )_("BStrt ) ~ B Strt
= = w X X
Ch ItSng o Cp \@ @, Ca

]T

Strt _ BSlll . a)N = | ,

Le = CNED % cos/ 0 —gesinl

5. DETERMINING IMU SENSOR ERRORS

Approximate error models for (1) — (2) are derived in [5, Sects. 5 & 6], summarized in [4,
Egs. (5) — (7)], and repeated next, defining the AQZSM , ;gﬁ’v’gn, ;ggfgl measurements as a

function of individual gyro and accelerometer error parameters for each rotation sequence in the
SRT:

B i,Strt 0;

|:KLinScal T KAsym Sign(ﬂi” U;
¢B St = 3 CB Strt
ZEnd ; Bi Strt . Bi st B Strt

+| Ising;+(1—cos@;)|u; " X| | | xusis u;

2
Bi St . Bi, Strt B, Sirt
CBi+1,Strt =1 +sing; (ﬂi xj+(1—cosei) (ﬂi x) 3)
BSirt  — P . ~BSwt  _ ~Bsut BiSirt BStrt — ~BStrt
CB],Strt I Do i=1Ton: CBi+1,Sm CBi,Strt CB i+1, Strt CBEnd CB n+l, Strt
Bsut - _ . . Bsut Bsut
52SFSUT - g(/iLGScal + ﬂ«MlS + iAsym ASFSlgn) ngn + &Bias (4)
BEnd _ BEnd BEnd
5QSF2nd == g(ﬂLinScal + Amis t ﬂvAsym ASnggn) Upn + iBias
BSut BStrt BStrt BSirt BEnd _ BSirt
Aap™ = g upyn X P pnd +(CBE,,d Sagpht —Oagp i -
5
T
BEnd _ BSirt BStrt BStrt ~ 1, BStrt Bstrt BEnd ~ 1, BEnd BEnd
Y Dwn (CBEnd) Y Dywn AStrt pown “Dwn - 5QSFStrt 4 End pown “Dwn - 5QSFEnd



Egs. (3) are derived in [5, Sect. 5.6] as an analytical integration of QB Strt (the rate of change

of the error in ags” ) over a rotation sequence, assuming that each rotation in the sequence is

around one of the IMU axes, and which neglects gyro bias and noise effects as negligible for the
short time of a rotation sequence. Elements within the (3) - (4) error parameter matrices and
vectors are defined in (6) — (7) next.

Kxe O 0 0 x xy  Kaxz Kxxx 0 0
KLinScal = 0 K'yy 0 KMis = K'yx 0 K'yz K'Asym = 0 K'yyy 0 (6)
0 0 Kzz Kzx sz 0 0 0 Kzzz
Adee 00 0 Ay Ax
ALinScal =| 0 Ayy 0 AMis =| Ayx 0 Ayz
R Ao Ay O (7)

Axxx 0 0 Ax
Aagm=| 0 Ay 0O ABias =| Ay
0 O Z’ZZZ ﬂ’Z

Egs. (6) — (7) for the (3) — (4) sensor error matrices and vectors represent residual errors in the
Fig. 1 “Compensation Equations” that have been pre-calibrated prior to the SRT [4, Sect. 4.3.1]
for previously known sensor error effects (e.g., thermal sensitivity, non-linearities, or results
from a previous SRT). Equating the (1) measurements to the equivalent (5) error model for each
rotation sequence provides a simultaneous set of linear equations that are inverted by the SRT to
determine the (6) — (7) sensor error parameters.

Gyro misalignments in (6) are relative to an arbitrarily selected coordinate frame B
representing IMU inertial sensor axes. To minimize second order error effects, it is expeditious
to select the B frame to correspond with MARS (mean angular rate sensor) axes, the orthogonal

frame that best fits around the actual gyro input axes. Fig. 2 illustrates the concept.

In Fig. 2, y, is the angle between MARS and general B frame axes i and j. From Fig. 2,
defining the B frame to be a MARS type is equivalent to setting y, =0 for which

Kij=Kji (8)

10
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= i MARS

N
iB
Fig. 2 - MARS Coordinates

When adopting a MARS frame for B, it is also expedient to redefine x;; in terms of the

angular orthogonality error between i and j, i.e., the angle between i and j gyro axes compared
with the nominal orthogonal MARS axes equivalent of n/2. From Fig. 2, the conversion formula
is

Vij=Kijt Kji )

or with (8),

1
Kij= Kji =7 Vij (10)

For a MARS B frame, the 6 accelerometer 1, ; misalignments in (7) will automatically become

MARS reference specialized. To identify MARS specialization and compatibility with MARS
referenced gyro misalignments in (10), we will utilize the accelerometer misalignment definition
formula:

Aij =M (11)
6. MEASUREMENTS IN TERMS OF SENSOR ERRORS

Egs. (3) - (5) with (6) - (7) are linearized approximations to the (1) — (2) measurements for
each SRT rotation sequence. Section 6 in [4] provides a generic SRT rotation sequence design
approach, deriving formulas for generating a particular sensor error signature in a component of

~BStrt  ~BStrt ~BEnd i —
the A" asotpoum® O AQERd Down measurement in (5). Based on the (3) — (7), (10), and 11)

analytical model, the [4, Sect. 6] process designed the Table 1 measurements and rotation
sequences, producing the following (12) component values for the (5) measurements.

11



AaBSrt =278 (Kt Kyyy)  AaBS =278 (ko Knr)  DaB§T =278 (kzz t Kzzz)

AaBSm 27g (Kyy K‘yyy) Aayfgt -2rg (Kxx — K‘xxx) AaBSm 2rg (Kzz K‘ZZZ)

Al =dguv,.  AdBSr=dgu.  AdBST=dguy  AdBST=2g (0w /2)

AaB5r =2 A+ (72 ) 2) (Kt Ke) | a7 == 8(Ayy = Aypy) + Ay
aDownt == &(Ayy+ Aypy) = Ay (12)
AaBS’” 2g(,uxz+vzx/2) a%ﬁ’gng:—g(i —Azzz) Az agg&fqg:—g(ﬂﬂ*'ﬂzzz)—/iz
AaBSm=2g (o +v2/2)  aBSo=—8 (A= Auw)—Ar  aBe=—8 (Axx+ Awr) + Ay
AgBSin=2g (ﬂzy + 0./ 2) Aafﬁ”’ 2g (ﬂyZ + 0y / 2)

A ffgztrt_zg(ﬂyx'i'vxy/z) A fl%rt _2(/1y+gvyz) Aaflszrt (ﬂx+gvzx)

7. SENSOR ERRORS IN TERMS OF MEASUREMENTS

SRT determination of residual errors in the Fig. 1 compensation equations is based on the

B Strt B Strt BEnd
aDpownk > ADownk CTOT

model equivalents. Because the Table 1 rotation sequences have been designed to excite a
particular sensor error, the inversion process is trivial, yielding:

inverse of (12) with actual (1) measurements substituted for the Aa

1 ~B - 1 ~ ~
—_ Strt _ A ~BStrt — BStrt _ y~BStrt
Kyy 4ﬂg(Aax1 Aaxia ) Kxx 4ﬂg(Aayz Aayig )
1 B 1
- _ ~BStrt _ \~BStrt - _ ~BStrt ~BStrt
K=" 4x g( ayy" ~Aayla ) Koy =74 ,,g(Aaxl *Aaxia )

1 B 1
~BStrt ~BStrt - _ BStrt ~BStrt
Kxxx = 47 rg (Aa +A y2a ) Kzzz 4 rg (Aay3 +Aay3a )

(13)

1 ~B St 1 ~Bstr 1 ~ B Str

Uyz:EAayf” vzx=EAax5S” nyZEAayg”
_ 1 Bs 1 Bs

/,lx _EAaxlirt - g Vzx /’i/y _EAaylért_ g UyZ
1Ir .
ﬂz__E[A fStrt+7[g(K'xx+Kxxx):|
(Continued)

12



(13) Concluded

1 B
(Aay1S2m -8 ny)

1 BStrt )
(Aa 8 Vzx ﬂyx 7 g

1 B
Hay = 2g(Aa Sm_gvxy) Y

~BStrt — 1 ~BStrt 1 ~BStrt
A —8v ) ——(A —8v ) A —8v
My = Zg( ayil yz Moy 2g az9 zx My = 2g az10 yz

Aoy =— 1 ~BEnd "BStrt 1 ~BEnd _ ~BStt -2

Yy 2 aDown’7 aDown7 g aADown7 ADown7 y
.. = _L ~BEnd "BStrt 2 _~ [~BEnd _ ~BStrt -2
zz 2 g aDownS aDown8 722 = g ~n \@Down8  aDown8 z
Ny =——o 1 ~BEnd "BStrt y) - _ 1 ~BEnd _ ~BSwt _2/1

XX 7 g aDown9 a Down9 XXX 7 g aADown9  ADown9 X

If the gyros have no asymmetrical scale factor error (i.e., Kxxx, Kyyy, Kzzz = 0), rotation

sequences la - 3a would not be used, and the gyro linear scale factor terms in (13) would be
computed as in (14).

:_LAABSM _LAABSM Kpp=— 1 A"BStrt (14)

K' —
2rg axl Y 2mg dy2 2rg ay3

Note that accelerometer misalignment (1 j) and x, y bias (A, A,) equations in (13)

include vy, /2, v,,/2, vz /2 gyro-to-gyro orthogonality error offsets. Orrthogonality errors

are directly available from the rotation sequence 4 - 6 measurements in (12), whence, they can be
removed from the u; j and A, A, equations. Similarly, the z accelerometer bias (1,) in (13)

includes a 7 g( K+ kxxx)/ 2 gyro scale factor error offset that is directly available for (13)

removal from Aalyggm in (12). Finally, the .., A,,,,4,,, accelerometer scale factor
asymmetry equations in (13) include A,/2,4,/2,1,/2 accelerometer bias offsets. ~After

accelerometer biases are computed, they can be removed from the 1 ,,,, 1 yyy > Azzz equations.

8. SRT ACCURACY ENHANCEMENT BY ITERATION

The error analysis in Section 9 shows that the SRT is capable of determining sensor
compensation errors to a few urads accuracy (using pre-calibrated sensor scale factors to 1000
ppm accuracy, and 1 milli-rad accuracy in executing rotation sequences, aligning the sensors
within the IMU, and aligning the IMU on the rotation fixture). If IMU mounting, rotation
execution, and pre-calibration errors are larger, urad accuracy can still be achieved by repeating
the SRT on the IMU using updated sensor calibration coefficients determined from a previous
SRT. Modern computer/memory technology make this a trivial operation if SRT computations
are structured as a batch-type post-processing operation on IMU sensor data recorded during
each Table 1 rotation sequence (e.g., the IMU outputs in Fig. 1). SRT operations would then be

13



executed by “playing back” the recorded data in “simulated” past time through (1) - (2) and
applying (13) to determine the Fig. 1 compensation errors. With this type of structure, the sensor
compensation coefficients would be corrected for SRT results from the first play-back, and a
second playback executed to determine and correct error residuals remaining in the corrected
coefficients. Thus, the iteration would be performed digitally using recorded data from a single
execution of the Table 1 rotation sequences.

9. SRT ACCURACY ANALYSIS

Sensor compensation error determination with (13) and the Table 1 rotation sequences, is
based on linearized approximations in the (3) — (5) generalized SRT measurement model that
neglects second order terms (products of errors), rotation fixture imperfections in executing
rotations, IMU mounting anomalies on the test fixture (to vertical and relative to north), gyro
bias calibration errors, and sensor noise effects. This section analytically evaluates the errors
induced by these approximations in determining sensor compensation errors with the improved
SRT. Of particular interest is the impact of initial IMU uncertainty relative to north/vertical and
errors induced by rotation fixture imperfections, both ultimately affecting production cost.

Analytically assessing the impact of approximations in (3) — (5) and (13) on SRT sensor
error determination accuracy is greatly facilitated by having had each of the Table 1 rotation

sequences designed to excite a particular error source. As a result, the SRT error model outputs
in (12) and their inverse in (13) can be represented by the simple algebraic equations:

Adfir=tHy xp  xk=EAL HE o (15)
From (12) and (13), the value of z; in (15) for each of the y; errors is summarized in Table 2.

From (15) it can be concluded that determination of sensor error parameter x; will contain

error Jx; due to e( Ag /]3 ]ftrt) approximation errors in the SRT A af gtrt model:

1
5xk=iH—ke(Aa]B;f’”) (16)

Eq. (16) will be the basis in this section for assessing the impact of unmodelled SRT
measurement error sources on sensor error parameter determination accuracy.
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TABLE 2
Measurement Sensitivity To Sensor Errors

Error Type X Hy
Kyt K ,(K +x ),(K tx ),
Gyro Scale Factor Error ( o yyy) R =
(Kyy N KW)’)’ (Kxx_ K'xxx)’ (Kzz - K'zzz)
Gyro-To-Gyro
Orthogonality Error Uyz > Vzx > Uy 4g
(£ + 0197 2)s (1 + 0221 2)
Accel-To-Gyro (ﬂzx + Uz / 2) (,Uzy T 0y / 2),
Misalignment And Accel )
Bias Error (ﬂyz+vyz/2),(ﬂyx+vxy/2), g
(ly/g + vyz)= (Ax/ g+ vz),
[lz/g +(7[/2)(K'xx+ K'xxx):l

Ref. [4, Egs. (25) — (27)] shows that SRT measurement model approximation errors in (3) —
(5), are the following for each rotation sequence:

B t 4 B B B

e(? Strt) — J‘tStrte(Q Strt)dt (¢ Strt) — e(? Slrt) @ t=tEnd
s Bsurt\ — ~BSurt
e(? ) =Cp " (EBias + 5QQuant + é‘QRndm)
n CBSm + + 0B a) + ¢BStrt aBSirt | x @Bstrt (17)

B KLinScal ™ KMis ™ K Asym S2EBSign ZStrt e

B B B B

+ (g Strt _QS;;”) X |:CBStrt (KLlnScal T KMis T K Asym QEBSlgn) EB:|

Bs, B '
+Cp frt [(K'LinScal T KMis T K Asym QEBSign) (0{ 0{ xXw B):|

Bsuyt | _ ) ) B St B St B St
e(g—SFStrt) i'QW"tSM + i’Rndem +g (/’LLmScal + Amis + /’LAsym ASFSign) (aStrt XU Dyn )
(13)
BEnd | _ . . BEnd BEnd BEnd
(5QSF End) A Ouant pnd A Rndmpna 8 (ﬂL’”SC"l * Awis ¥ Adsym As; Sig”)( EEnd > % Dwn
Byt _ BSut B Strt B Strt B Sut B Strt
e(AQH " ) =8 MDWZ X |:e(¢ ) ( ¢End aStrtr jX¢End :|
(19)

BSurt BEnd |_ BStrt BStrt . ~,BStrt _ ,,BStrt BStrt BEnd
+[CBEnd 6(59SF ) (J“SFSM) (¢End T End ~ Lsin ) (CBEnd 5—SFEnd)L
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Egs. (17) — (19) contain both first and second order terms, all deemed negligible in [5, Sect.
6] compared to the dominant first order terms in the SRT (3) — (5) error model.

The second order terms comprise products of & (IMU mounting error and rotation fixture

inaccuracy) with gyro misalignment and scale factor errors (xsis» KLinScal » K Asym )> @and with

B ~B
g) Strt Strt

angular error inCp (Note: The integral of QB in (17) over a rotation sequence is
bounded by natural mechanical constraints, hence, generates the same effect on e(QB Strt )

as QB X QgB , the QB product with IMU angular rate relative to the earth.) ForzﬁB St o, and

gyro errors on the order of one milli-rad, the effect on e(Agf]S’” ) in (19) would be to generate

an error on the order of one ug. Based on (16) and Table 2 then, the associated error in SRT
sensor error determination would be on the order of one urad, ug, or ppm (depending on sensor
error type). The Section 8 iteration process would render these error sources negligible.

The first order terms in (17) — (19) consist of integrated gyro random noise

( §QQuant ,0Wp, 1) iNtoe (?BS”’) ; accelerometer random noise (&Quanl s Apnam) 1M SRT
acceleration measurement errore (Ag ZS”’ ) ; earth rate @B5 coupling into e ( QB Sirt )

B B : e :
from@®5", org S, and gyro errors (kinscal» KMis» KAsym)s and Kp o gyro bias integration

intoe(g)BS”’). Importantly, no first order 0{?{57 ! terms appear directly 1ne(AaBS’”) they

cancel in (1) for Aézsm by the before/after subtraction operation adopted from [3].

9.1 GYRO RANDOM NOISE EFFECTS

On a root-mean-square (rms) average basis, integrated Jdwp, .. gyro random noise

propagates into e(QB Strt )as the square root of the integration time. For a 40 second rotation
sequence time interval and 0.002 deg/ Jhr gyro random noise, the rms build-up in e(¢B Strt )

would be [0.002 / (57.3 x+/3,600)] x /40 x 1.E6 = 3.7 urad. The effect on e(AaBS’”) in (19)
will be 3.7 ugs. From (16) and Table 2, this translates into gyro scale-factor, misalignment

errors of 0.59 ppm, 0.93 urad, and accelerometer misalignment, bias errors of 1.8 urad, 1.8 ugs.

The integral of 5QQ14 o &YTO quantization noise over a time interval is the rms of the

difference between the integrated gyro output pulse quantization error at the start and end of the
time interval [2, Sect. 19.2]. For an output pulse size of ¢, this translates into an rms quantization

error of (g /12)><2 0.41&. For a 0.5 arc-sec pulse size, the rms impact on e(¢BS’”) would
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be on the order of 0.41 x [0.5 / (3600 x 57.3)] x 1.E6 = 0.99 urad. The rms effect on
e(AgZS” ! ) in (19) would then be 0.99 ugs. With (16) and f; from Table 2, this translates into

gyro scale-factor, misalignment errors of 0.16 ppm, 0.25 urad, and accelerometer misalignment,
bias errors of 0.50 urad, 0.50 ugs.

9.2 ACCELEROMETER RANDOM NOISE EFFECTS

The impact of accelerometer output noise on SRT accuracy can be assessed by analyzing
how i’Quant and Ap, . impact e(é‘é?ﬁtgﬁ) and e(é‘égffgd) in (18), hence, e(AQZSm) in
(19). The start and end effects can be analyzed separately, each using an approach similar to that
taken for the dwp,, .. and 5QQM o nalysis. The difference is that the integration time interval

. . ~B ~B . .
would be the averaging times to measure 5z>57* and ;257" in (1). Propagation of A
ging QSFStrt QSFEnd ( ) pag =RndmStrt

and A Rndmgng OV the start and end averaging times is unaffected by the averaging algorithm,
- n

generating the same rms error as a simple integration process (i.e., proportional to the square-
root of the integration times). Some averaging algorithms are designed to reduce the impact of
4Qu e D01s€ from what would be generated using a direct linear averaging process, €.g., an

average-of-averages type algorithm [3, Sect. 18.4.7.3].
9.3 EARTH RATE COUPLING EFFECTS

An important new advantage for the improved SRT is elimination of the requirement for
inertial self-alignment of the IMU prior to rotation sequence execution, a problem area for IMUs
with lesser accuracy gyros. This requires a reasonably accurate initial physical alignment of the

IMU on the test fixture relative to north (e.g., 1 milli-rad). The Q{gtf,;’ t XQES’” term in (17)

becomes the e(? Bisirt ) error introduced with this approach, dependent on the total time over a

rotation sequence for the error to integrate intoe(ggggt

acceleration measurements (before and after rotation sequence execution) and 20 seconds for

). Assuming 10 seconds each for

rotations, the total time for a sequence will be 40 seconds. Then the integral of gf{ﬁ? X QeBSm
over the rotation sequence will be a X earth rate X 40. For a of 1 milli-rad and earth rate = 15
deg/hr (0.000073 rad/sec), this translates into an e(ggsgt)value of 0.001 x 0.000073 x 40 x
1.E6 = 2.9 urad, thereby impacting e(AéB Strt ) in (19) by 2.9 ug. With (16) and g, from Table

2, this translates into gyro scale-factor, misalignment errors of 0.46 ppm, 0.73 wurad, and
accelerometer misalignment, bias errors of 1.5 urad, 1.5 ugs.
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QB Strt

A similar analysis would show that for i7;,sca1> Kpis> K sym > and on the order of

one milli-rad, their products with earth rate in (17) would also generate components in e(¢B Sir ’)

on the order of 0.46 to 1.5 urad. However, if the SRT is iterated once (as described in Section 8)
using sensor compensation in Fig. 1 that has been corrected for initial SRT results, these error

terms would be considerably reduced, making their impact on e(¢B S’”) negligible.

9.4 GYRO BIAS EFFECTS

Because of its importance in SRT applications for lesser accuracy IMUs, the impact of gyro
bias on SRT accuracy is analyzed in more detail in [5, Sect. 8] as an analytical integration of

Kpigs M (17) one(¢B Strt ) The overall result is shown next in (20) - (21). An analysis of (20) —

(21) in [5, Sect. 5.2.6] using (16) for §x; finds that resulting SRT sensor determination errors for
the Table 1 sequences would then be as shown in (22) next.

1—-cosg; . in 9 .
(¢§;§Z’Z) _chsgt[t ( 61) (ziBl’StrtX)+[l— Sin elj(ziBl,Sﬂ’txj ﬁ K.Blas (20)
GyroBiaspy; i el O; 0; ﬂi
e(AngStrt) =g ﬂgf% X (¢gSctlrt) + TMeas[[ + F Meas (CgStrt _ I)JEBias 1)
=H ) GyroBias —H1% ] GyroBias Rot End

e(xzz— KZZZ)GerBias =— [1 I B +Trfeas (271')} k. Similarly For Seqences 1,2, and la - 3a

e( UZX)GyroBias =(xx+&2)/ B = T rteas K/ 4 Similarly For Seqence 4

e(vxy)GyroBias - (Kx+ Ky) /,B — T Meas Kz/ 4

(22)

e(,uxy+yxy/2) = Ky/,B + Tmeas (1= 2 F peas) k272 Similarly For Seqences 8 - 12

GyroBias
el:/iz + (”g/z)(l('xx"'l('xxx ]GyroBms (7Z'g/2)(l/ﬁ. + TMeas/”) Ky

e(/Iy +g vyz) = —g[(zcz + K‘y) / ,B — T Meas Kx/ 2} Similarly For Seqgence 14

GyroBias

Ref. [5, Sect. 8.4] shows that 'y, in (22) is 1/2, both for a simple linear averaging
algorithm and an average-of-averages algorithm. Using £y = 1/2, g = 32.2 ft/sec’, and
representative values of ﬁ = 1 rad/sec and 7,4,,,= 10 sec, (22) enables evaluation of the effect
of neglecting x, 'y, k', gyro bias calibration errors. For example, for x,+ k), = 0.1 deg/hr =
4.85e-7 rad/sec and g, = - 0.1 deg/hr = - 4.85e-7 rad/sec, the error in gyro non-orthogonality

determination e(ny) in (22) would be 1.7 urads. As another example, for x, gyro bias

GyroBias
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of 4.85e-7 rad/sec, (22) shows that 0.49 urad of accelerometer misalignment determination error

would be generated in e( My H 0y /2) . Finally, for x, =4.85e-7 rad/sec and g, + k), =

GyroBias
-4.85¢-7 rad/sec, (22) shows that the error in accelerometer bias determination

2_
e(/iy +g vyZ)GyroBias would be 9.37e-5 ft/sec” = 2.91 ugs.

Larger than 0.1 deg/hr gyro bias calibration errors may require the [4, Sect. 4.8] mitigation
process for reduction. For gyros without g-sensitivity, this entails measuring average gyro
outputs during the measurement period preceding a rotation sequence, then subtracting the
appropriate earth rate component for the rotation sequence starting attitude. For gyros with g-
sensitivity, the process requires additional gyro bias measurements at two other IMU
orientations.

10. CALIBRATING IMU ATTITUDE OUTPUTS

Calibrating an IMU for SRT measured sensor errors corrects IMU computed inertial
navigation velocity/position but not attitude outputs [2, Sect. 13.2.4]. Attitude output errors are
caused by three misalignments of the IMU sensor assembly relative to the IMU mount in the user
vehicle. Ref. [4, Sect. 4.9] describes how IMU-to-mount misalignments are easily measured
once the IMU has been calibrated for SRT results. The general method is to install a standard
IMU mount on a single axis rotation fixture with the mount shimmed to level, and having its
lateral axis (e.g., y) reference flat perpendicular to the fixture horizontal rotation axis. When an
IMU is positioned on the mount, the average horizontal compensated accelerometer outputs (e.g.,
x and y) would nominally be zero. Non-zero values measure the two misalignments between the
sensor-assembly x, y and the vertical mount z axis. Pitching the IMU 90 degrees around y rotates
the x axis to vertical, enabling the y accelerometer to then measure the third misalignment
between the sensor assembly y axis and the mount x axis. This process could also be integrated
within the SRT during a Section 8 iteration operation.
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