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ABSTRACT

This article introduces the concept of dual sensor testing as a simple method
for evaluating the stability of inertial sensors. The concept mounts two sensors of
the same design configuration on a common mount with their respective axes
parallel. Test measurements are the difference between sensor outputs under
different orientations and environmental exposures. Variationsin like-
measurements over time determines the stability of the sensor error sources. A
key advantage of the technique is the elimination of the need for sophisticated and
expensive test equipment to generate precise measures of sensor stability. Asa
specific example, the article analytically applies the technique to a generic dual
accelerometer configuration showing how test equipment inaccuracy generates
only second order errorsin the stability measurements. The article aso
demonstrates how stability measurement accuracy can be enhanced by using the
first set of measurements to calibrate successive measurements.

INTRODUCTION

The principle factor in determining the applicability of a new inertial sensor is the stability of
its performance parameters over the environment of itsintended use. Thisisthe only error
source remaining following an accurate calibration. This article describes a simple method of
measuring inertial sensor stability without the use of elaborate and expensive test fixturing. The
method implements the basic concept of dual sensor testing in which two samples of the
instrument to be tested are affixed to a common mount with instrument axes parallel. The
stability test measurement is the difference between sensor outputs. The measurement will be
zero under zero sensor error conditions, hence, in the presence of sensor errors, will measure the
difference between the sensor error parameters. Asaresult, test fixturing errors induced into the
measurement will be second order because the dominant sensor input will be eliminated in the
dual sensor output subtraction process. Thus, test instrumentation accuracy requirements are
significantly reduced making it possible to achieve high accuracy multi-position stability
measurements (e.g., for accelerometers) with the sensors affixed within a simple mounting cube.
Exposing the cube to environments at different orientations enables accurate sensor error
stability evaluation at these orientations.

This article analyzes a dual test setup for a generic accelerometer model, analytically
deriving the difference in accelerometer output measurements as a function of analytically
modeled sensor errors for the six possible cube orientations to vertical (bias, scale factor error,
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scale factor asymmetry, linear scale factor asymmetry, misalignment to the mounting cube, and
mounting cube misalignment to vertical induced by test instrumentation). Results demonstrate
that each measurement evaluates the key error source differences to first order plus second order
terms dependent on test fixture misalignment effects. The article shows how the six
measurements can be analytically combined to evaluate the difference in each sensor error
characteristic, and to compensate these results using calibration values determined at the start of
testing. The calibration values comprise the first set of sensor error characteristics determined
from the dual sensor difference measurements at test series start.

TEST CUBE DEFINITION

Consider ametal cube for testing the stability of accelerometer error parameters over
expected environments. Define a cube coordinate frame D having X, y, z right-handed
orthogonal axes parallel to the cube edges. Further, define six test orientations of the cube, 1
with x axis up, 2 with x axis down, and four with x axis horizontal. For the four x axis horizontal
orientations, orientation 3 has z axis down, 4 hasy axisdown, 5 has z axis up, and 6 hasy axis
up. Define nominal conditions as having one of the cube faces perpendicular to plumb-bob
gravity. Based on the above definitions, the following would be the specific force vector
components (reaction to local gravity of magnitude g) in the D frame:

g -g 0 0 0 0
=10 a,=|0 =0 au=1-9 az=|0 =9 1)
0 0 —-g 0 0

ACCELEROMETER MOUNTING WITHIN THE TEST CUBE

Now consider two “identical” accelerometers a and b mounted within the cube, each with the
sensing axis (x) parallel to the cube x axis, and the cross axes (y and z) parallel to the cubey and
z axes. Define the analytical model for the accelerometer a output as

aouty ~ @Biasy T (1+ Lster, * LAsym, @in; * LLinAsym, sign(ami)) A|n; @

T T
iy =UinCp,aCyp & Ujp=[1 0 0]
where

aouty = Output for accelerometer a at test orientation i.
an; = Nominal (true) specific force acceleration along accelerometer sensing axis at test

orientation i.
apjas, — Accelerometer a bias error.



Lter, = Accelerometer a scale factor error. May include a polynomial non-linearity function

of alzni :
L Asym,, = Accelerometer a scale factor asymmetry. May include a polynomial non-linearity

function of alzni .

L LinAsym,, = Accelerometer a linear scale factor asymmetry. Represents a shift in scale factor for
positive compared to negative ayn; values.

sign(a, ni) = Unity magnitude with sign (plus or minus) of the bracketed term.

u;,= Unit vector along the accel erometer sensing input axis.

Co,= Direction cosine matrix representing small misalignments of the accelerometer a sensing

axis from its nominal orientation parallel to test cube axis x.
Cy, = Direction cosine matrix representing small misalignments of the test cube from vertical at

test orientation i.

Ref. [1, Sect. 3.2.2.1] shows that Coa and Cy, in (2) can be expressed in terms of equivalent
small angle rotation vectors as

1, 2 Oax 0 = bay
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Pi, Py P 0
~(02+02)  ondy Gt )

i(?ix)zzé Pix ¢iy _(¢§<+¢|22) ¢iy iz
620 Byt —(05+95)

where



6, = Small angle rotation vector equivalent of direction cosine matrix C 0a

Qi = Small angle rotation vector equivaent of direction cosine matrix Cy, -

The analytical model for accelerometer b isidentical to (2) — (3) with the a designation
replaced by b.

TEST MEASUREMENTS

Test measurement z; at test orientation i is the difference between the accelerometer a and b
outputs:

Zi = aouty ~ @0utp; (5
Substituting (1) and (2) — (4) into (5) finds to second order accuracy from (A-13) of Appendix A:
_0.5[( 6%, —62,)+ (ggy - agy)}
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Egs. (6) show that all accelerometer error inputs to the Z measurements appear as differences
between the a and b accelerometer error characteristics. Egs. (6) also show that the Qi

misalignments of the test cube from vertical only impact the Z measurements to second order (as
products with the accelerometer a and b error differences). Thus, for a, b accelerometer error
characteristics that are equal (or zero), the Z measurements would be zero regardless of test cube
misalignments to vertical (as was expected).

Combining appropriate (6) terms with rearrangement, (A-15) of Appendix A shows that to
second order accuracy,

(aBiasa_ aBiasb)/ g= (Z5+ Z3) /29 _0-5(95\2— 9bz)(¢5x_¢3x)

~05(Ler,~ Lstery ) 95y~ #3y) = 05(LLinagm, - '-Li”ASVmb)(‘ ¢5y‘ +‘ ¢3Y‘)
(LS‘era_ LS‘erb) =(21-22)129+0.5(04,— ¢9bz)(¢1z_ ¢22) + 0-5(l9ay_ 9by)(¢1y_ ¢2y)

(LAsyma_ LAsymb) 9 +(|—LinAsyma_ LLinAsymb) =(Z1+Z2-75-23)/ 29
+0.5(0az~ 9bz)(¢1z_¢22+ Py~ ¢3x) + 0-5<9ay - ¢9by)(¢1y - ¢2y) (7)
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Based on (7), the set of six (i) measurements represented in (1) (for each cube face up), provides
the following for estimating sensor error differences:

(éBiaSa_ éBiaSb)/ g= (Z5+ Z3) / Zg

(ﬁsrera_ﬂsrerb):(zl—zz)/Zg ©

[(ﬁAsyma_ EAsymb) g +(E|—inAsyma_ ELinAsymb” =(21+22-25-23)/ 29

(Gay=bny) =(25-28) /20 (8ay—b1r) = (24— 2Z6) 1 29



where 6 is the estimated value for the parameter in brackets.

Prior to formal stability testing, initial test results can be calibrated by first making the z;

measurements at room temperature on aleveled flat plate at room. These calibration
measurements would then be used to correct the (8) estimates during the subsequent stability tests:

5(aBias, ~ Aiasy) = (éBiaSa— égiasb) - (aBiaSa_aBiaSb)Ca|
5( Lfer,~ LSferb) = (£3aa_ ESferb) _(Lsera_Lsrerb)Cal
5[(LAS/ma‘ LAwmb) 9 +('-LinA9/ma_ LLi”Asymb”
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- [( L agymy~Lasym,) 9+ LLi”Asyma_L“”Asymb)}CaJ

5(6ay— Bty) = (Bay~By) ~ (6ay=bby),

8(0az = 0b2) =(Baz— Bz) ~ (0az— Obz)cy

where §( ) signifiesthe residual of parameter () following calibration for assessing the stability

of () over test environments, and subscript Cal denotes the calibration measurement of the
associated parameter determined prior to the start of testing (as described previously).

CONCLUSIONS

This section concludes the article (except for the appendix and references to follow).

APPENDIX A
ANALYTICAL DERIVATIONS
This appendix provides analytical detail leading to Egs. (6) and (7) in the main text.
First, adetailed expression for accelerometer input an; is determined from its definition in (2):

T T
A =UinCg, Cy, & Hln:[l 0 0]

(A-1)
1 2 1 3\2
Co,= +(an)+E(Qa><) +0 Cy = +(Qi><)+§(¢-><) +e



For each cube i orientation, an; in (A-1) isanaytically defined in more detail by first deriving

an equation for ngn Coy: then for Cy, & with a, provided by (2). For ngn Coy: using the

(6,x) and %(an)zformulasin (3) gives

.
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2
The Cy, & expression in (A-2) is evaluated for each i using the (?i ><) and %(?ix) formulasin (3):
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Substituting the a; valuesin (1), C¢i 3 in (A-3) isthen evaluated for each i orientation. For
example, fori =1,

0 -9 ¢1y _(¢fz+¢%y) P1x ¢ly P12 P1x
Cp &~ I+ g1, 0 O[] P Puy _(¢12x+¢122) P1y P12 0

2
—¢ ) 0
1y f1x | 1201 P1y P12 —(¢fy+¢12x)_ i=1 (A-4)

1- o.5(¢122+ ¢fy)
$1, 10501 h1y |9
_¢1y +0.5 D12 P1x

Fori=3:



0 —¢3, ¢3y _(¢§z + ¢§y) P3x ¢3y P37 Pax 0
P3x ¢2y _(¢§x + ¢§z) ¢3y 937 0

L 937 P3x _ 93y P32 —(¢%y+¢§x)_ (A-5)

¢3y + 0'5¢32 ¢3x
=—| ~P3x+ 0593y 93, |9

1- o.5(¢§y+¢§x)_

_¢3y P3x 0

and similarly for Cyp,2s- With Cp 21, Cp,83, Cp, 8y so found, Cyp, 82, Cy 85, Cy, 85 &€
easily obtained by noting from (1) and (A-1) that

Cp,2==Cp & with 1 replaced by 2
Cpg5=—Cp, 83 with 3 replaced by 5 (A-6)
Cps26="Cy,34 with 4 replaced by 4
Having derived ng Coa and C¢i a; for eachi, applying themin (A-2) then providesthe
complete input acceleration set:
~|1-0.5(92,+ 02, + ¢2 + 92, | — -
aim 9| Oaz 9ay ¢1z ¢1y 932¢1z 9ay¢1y g
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a|n3 = _[¢3y + 0'5¢32 ¢3x+ Haz ¢3x + 9ay+ 05l9az 0ax:| g (A-7)
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The output from accelerometer a is found by applying (A-7) to the Eq. (2) output equation:
aouts ~ ABiasa T (1+ Lster, + LAsym, @in; * LLinAsym, sign(ami)) an (A9

Notein (A-8) that x sign(x) =|x| for any x. Substituting (A-7) in (A-8) while applying the
previous note, obtains the accelerometer output equation for each i orientation. Fori =1,



a0uta1 = ABiasa T (1+ Lster, t LAasym, @im + LLinasym, Sig”(alnl)) Ainy

1+ Lsfer, + Lasym, aim
= api .
Biasa + LLlnASyma Sgn(alnl)

1-0.5(03,+ 63y + 0%, + 02, )~ Gazbr, — Oaytry g

~ Apjasy T
Ftlaer,* Lasym, 9+ LLinasym,

andfori =3:
A0uta3 = 3Biasa (1+ Lster, * LAsym, @ing* LLinasym, Sig”(alns)) 8ing

1+ Lser, — LAsym _¢3 9
a Ay a( y ) [¢3y+0.5¢3z¢3x+9az¢3x+93y+0.5l9azl9ax]g
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The complete set of accelerometer outputs thereby becomes
2
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(A-10)



An equivaent to (A-11) for the b accelerometer is easily generated by replacing a with b.

Having equations for the accelerometer a outputsin (A-11) and their accelerometer b
equivalents, the Z measurement for each i orientation isfound by applying themin (5). For
example, fori =1,

2 42
) ~ 1- 0.5(6%2 + 9§y + 91+ ¢1y) ~Oazf1;~ OayPry
Z1= @0uty ~ A0utp = @Biasy T J
tLlter, T LAsym, 9+ LLinasym,
2 42

1-05(62, + 68, + 9%+ 02y ) ~ Ober, — Oyt .

+Lger, + LAsym, 9+ LLinAsym,

2 2 2 _ 42
—05(032 + egy + ¢1Z + ¢1y - 9%2 - gtz)y - ¢lZ - ¢1y)

= (aBiasa_ aBiasb) +| —Oaz1; ~ OayP1y t Ler ,+ LAgym, 9+ LLinagm, (9 (A-12)

~ ABiasp

+002012+ ObyP1y — Lter, — LAasym, 9~ LLinasym,
_0.5[(952 - 6%,)+ (egy - egy)}
= (aBiasa_ aBiasb) +| ~(0az= Obz) P1,~ (Hay_ 9by)¢1y+ ( Lsfer, — LS‘erb) g

+(|-Asyma_ LAsymb) g +(LLinAsyma_ LLinAsymb)

The complete Z set is thereby found to be

—0.5[(6%2— 0%,) + (Q%y_ Hgy)}

Zl=(aBiasa—aBiaSb)+ _(eaz_9bz)¢1z_(9ay_5'by>¢1y+(LSfera_LSferb) g

+( L Asym, — LAwmb) g+ ( L LinAsym, — LLinAwmb)
- — (A-13)

—0.5[(652 - 6%2) + (ﬁg\y - ng)}

ZZ:(aBiasa_aBiasb)_ _(eaz_9bz)¢2z_<9ay_9by)¢2y+(Ls‘era—Lgerb) g

_(LAsyma_ LAsymb) 9 _(LLinAwma_ LLinAsymb)

(Continued)
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[(A-13) Concluded]

( ) ' (Bay—ty) + (82— O2) $3x+ 0.5(G.z Ok — Otz Ot

Z3=|ap; — ARj -

3 Biasg Biasp _+(Lger LS‘erb) ¢3y (LLInAWma_ L|_|nAsymb)‘ ¢3y‘
)

' (8ay— Oby) + (a2 O2) dsy+ 0.5(0z Oax— Oz Otx) |
ZS:(aBiasa_aBiasb)"' 9
_+(|-S‘er LS‘erb) ¢5y+(|-LinAsyma_ LLinAsymb)‘ ¢5y‘_

( ) _—(Haz ~6bz) (Gay l9by) Paxt+ 0-5(9ax Gay — Obx 49by)_
Z4=\agjas, ~ ABiasp| ~ g
) Slasa TBash _(La‘er LS‘erb) Par— (LLinAsyma_ LLinAsymb)‘¢4z‘ |

__(Qaz_é’bz (Qay 9by)¢6x+0-5<9ax Gay — Obx 9by)_
26:<aBiasa_aBiasb)+ 9
_(LSfer LS‘erb) ¢6z (LLinAg/ma_ LLinAwmb)‘¢62‘ |

Egs. (A-13) shows that each Z measurement is a simple function accelerometer a and b error
differences (to first order) plus agroup of second order terms. Simple linear combinations of
appropriate Zs allows each to be equated to each sensor error difference (to first order) plus
second order terms. Rearrangement then equates each error source difference to its
corresponding Z formula plus residual second order terms. For example, the Z combination of

(zs+ z3)/ 29 obtains from (A-13):

(Z5+23)/ 20 =(agjas, ~ agiasy) ! 9+ 0-5(0az— Obz) (955~ P3)

(A-14)
#05{Lgtr, = Lty 95~ 93y)+ 05 Liinaoym, = Luinasm, (| 05| +| 93
which after rearrangement gives
(aBiasa_ a-Biasb) 19=(Z5+Z23)/29-05(0az— 9bZ)(¢5x_ ¢3x)
(A-15)

—0-5(|—S‘era_ LSferb)( D5y~ ¢3y) _0-5( L LinAsym, ~ LLinAwmb)(‘ ¢5y‘ +‘ ¢3y‘)

Then, for al of the appropriate Z combinationsin (A-13):
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(aBiasa_ aBiasb) lg= (Z5+ Z3) /29— 0'5(9a2_ 9bz)(¢5x_ ¢3x)

~05(Lstr,~ Ltery( 95y~ 9ay) ~05( Liinagm, ~Liimaom (| 954/ +| 93,
(LS‘era ~Ler b) =(21-22)129+05(0az~ 0b2) (1, ~ #27) + 0'5(9ay - ¢9by)(¢1y - ¢2y)

(LAs/ma_ LAsymb) g +(|-LinAsyma_ LLinAwmb) =(Z1+22-75-23)/ 29
+0.5(az— 9bz)(¢1z_¢2z+ D5y~ ¢3x) + 0-5(9ay - 9by)(¢1y_ ¢2y) (A-16)

+O.5(Lgera— Lgerb)( D5y~ ¢3y)+0-5(L|_inAsyma_ LLiHMb)(‘ ¢5y‘ +‘ ¢3y‘)

(6ay—6by) = (25— 23)/ 20— 0.5(0az— Oz) (P53 ) — 0-5(Baz Oax — Bz Otx)

- 0.5( LSer , — Ler b)( 5yt ¢3y)

(8az— Obz) = (Z4—Z6) ! 29 +0.5(8ay— Oby) (P4x+ Pex) + 0-5(Oax Oay — Obx Oby)
~05( Lgter, ~ Ltery ) ( 942+ 96x)
By neglecting higher order terms, (A-16) simplifiesto
(agiasa ~ Biasy) / 9= (Z5+23) /29
(Lster,~ Leter, ) = (22— 22) 1 2

(A-17)
(LAwma_ LAsymb) g +(LLinAg/ma_ LLinAsymb) ~(Z1+Z2-75-23)/ 29

(6ay—6by)=(25-23)/29  (Baz—61z) =(Za~26)/ 29
Eqg. (A-17) isthe basis for Eq. (8) in the main text.
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