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INTRODUCTION

This document is an addendum to [1], providing derivationsin Appendices F, G, and H
herein deemed too detailed for inclusionin [1]. Appendix F provides useful formulas applied in
Appendices G and H, Appendix G provides derivations of specific-force/velocity/position
solutions generated using the Method lapproach under [1] defined test example conditions, and
Appendix H provides derivations of specific-force/vel ocity/position solutions generated using
Method 2 under the same defined test example conditions. Definitions for analytical parameters
appearing in these appendices are provided in [1] and repeated where used in this addendum.

NOTATION
General Notation

V = Arbitrary vector without specific coordinate frame component definition.

\lA = Column matrix with elements equal to general vector V projections on general coordinate
frame A axes.

(yAx) = Cross-product (or skew symmetric) form of \iA defined such that for the cross-product
of V with another arbitrary vector W in the general A frame: \1'%<V_VA = (\iAx)V_\/A.
cE = Generalized direction cosine matrix that transforms vectors from general coordinate

frame A to general coordinate frame D (i.e., \iD = CE!A)-

Coordinate Frames

B =*“Body” coordinate frame aligned with orthogonal strapdown inertial sensor axes fixed in the
rotating body.
E = Earth frame fixed to the rotating earth.



Eo = Inertia non-rotating inertial frame aligned with E at trgjectory start timet = 0.
Trajectory Generator Update Cycle Indices

m = Trgjectory generator update cycleindex (m=0 at trgjectory start timet = 0).

n = Trajectory generator even (or alternate) update cycle index (i.e.,, m=2n).

Important Note: Each cycle index subscript identifies the m cycle time instant value for that
parameter (e.g., subscript 2n indicates a parameter value as cycle m=2n, and 2n-1
indicates a parameter value at cycle m=2n-1.

Trajectory Type Subscripts

ref = Parameter or coordinate frame identifier for the variation trajectory.
var = Parameter or coordinate frame identifier for the variation trajectory.

Parameter Definitions

Parameters are listed next in alphabetical order with Greek letters ordered using the English
trandlation (i.e., Delta A under D, muz under m, omega @ under o, phi ¢ under p, upsilonv

under u). Parameters used exclusively in the appendices are defined separately in the appendices
where they appear.

QEF = Specific force acceleration vector of the rotating body (that would be measured by
strapdown accelerometers attached to the rotating body and aligned with body axes).
Cam™ Direction cosine matrix cE at the end of trgjectory update cycle m.

Agﬁ: Integral over an mcycle of B frame measured inertial angular rate QB (that would be
measured by strapdown gyros attached to the rotating body and aligned with body axes,

AaB%® = Particular value of Aar® defined for the sample to be constant for 0>m>—9.

Aq'BY = Particular value of Aer® defined for the sample to be constant form>0.

AQE; = Integral over an m cycle of B frame measured specific-force (accel eration) gg: (i.e,

g = Earth’smass attraction gravity vector (relative to earth’s center) at trajectory position

location R.
g avg - Constant average approximation of g to simplify the test example model.
| = Identity matrix.

I_BrEf = Specified position displacement vector of R, . relaiveto R4 , aconstant in the Bref

frame for the test example.



QB = Rotating body angular rate vector relative to non-rotating inertial space that would be

measured by strapdown gyros attached to the body and aligned with rotating body axes.
R = Position vector from earth’ s center to the trgjectory designated position location (“ navigation
center” ).
R.,= Position vector R at the end of tragjectory update cycle m.

t = Elapsed time from the start of atragjectory.
tm = Timet at the end of trajectory update cycle m.

Tm = Timeinterval from tm-1 to tm (assumed constant for this article).
V =Veocity of trajectory position relative to non-rotating inertial space defined as the time rate

Eo
of change of position evaluated in inertially non-rotating £ coordinates; V E0= d% .

V = Velocity vector V at the end of tragjectory update cycle m.

APPENDIX F
USEFUL FORMULAS

First order expansion approximations are employed in Appendix G and H for matrices of the
form M =[1 +a E4| wherel istheidentity matrix ais an arbitrary scalar and matrix g, is

much smaller than |. Additionally, note that [1+a E5] I +a E,]=1 andthat

[l —aEa][l +aEa]+ a E4 Ea = . Equating the previous two expressions and multiplying on
theright by [I1+a Ea]_l yields the useful formula:
[I+a Ea]_1= [l —aEa]+a’EaEall+a Ea]_l’"‘ [I -aEa] (F-1)
Another useful identity derived in [?, Sect. 3.1.1] is[?, EQ. (3.1.1-38)] is:
C(vx)ct=[(CV)x] (F-2)

where C isan arbitrary direction cosine matrix, V is an arbitrary vector, and (V x) isthe cross-
product skew-symmetric form of V as defined in the Notation section of this article.

APPLICABLE EQUATIONSFROM THE MAIN ARTICLE

The following equations taken from the main article are referenced in Appendices G and H to
follow, and repeated next for convenient referencing.
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For m<-9: (:Bvar (:Bvarg

ForO>m>-9:

CBvar m CBvar m_l{l + (AQ\I?E;/rar X) + %(Ag\?var )2} CBvar m—1[I (AQ\I?E;/rar X)

Form>0:

CB% m= Choarm 1['+(AQ'5$”X)+%(AQ'%”X)Z} CE%r | ! (A )|

(32)
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Form<-9: GVvarm:| GR\/armZEI

1 1 1
For0>m>-9: Gy =~ | +E(Ag\',3$’rar x) GR\/arsz[l +§(Ag\',3£’rar x)} (33)
. 1 Bvar 1 1 Bvar
For m> 0O: Gwarm = I +§(AQvar x) GR\/arsz{l +§(AQvar x)

Eo _ Eo Bref
—arm_m\ir Tm+CBvar ! (37)



gE0 ~ Constant = gE° (38)

=varm Zavg

APPENDIX G
ANALYTICAL DETAIL FOR METHOD 1 TEST EXAMPLE SOLUTION

This appendix provides analytical detail leading to the Method 1 test example solutions of (9)
for specific force and resulting velocity, position thereof. First order expansion approximations
are employed in the development, facilitated by approximation methods derived in the previous
Appendix F.

Under the (37) and (38) example conditions, Method 1 specific force in (9) becomes

Bvar -1 Eo Eo Eo
Avvarm (CBvarm 1GRvarm) (_ arm = arm_l_\lvarm 1 —Zgangmj/Tm
E Bref E
MV Tm+Cgla 17 —(M-1)V 2 T
(CBvarm 1GR\/arm /Tm (G'l)

Bref Eo _
CBvarm_ll— Vvarm 1 Zgavg

- Bref Eo Eo
(CBvarm 1GRvarm) |:(CBvar CB"arm—)I (!Vafm—l_\—/ref _Egangm}/Tm
Substituting (G-1) in (3) with (38) for gravity then obtains for velocity V70

Eo Eo Bvar Eo
\ivarm_\lvarm 1 CBvarm 1GVvarmAv mT gavg
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1 —avg
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1 e, (G-2)
|- CBvarm 1Gwarm (GRvarm) (CBvarm_l) \lvarm_l
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Eo 1. .E
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With (32), the ( termin (G-1) and (G-2) isto first order:

CBvar _CBvar )

For m<-9:

CBvar m CBvar m_l
ForO>m>-9:

Bvar Bvar
C:Bvarm CBvarm 1 CBvar 1[' +(AC—YV )} C:Bvarm 1 CBvarm_l(AQvar X)

Form>0:

(G-3)

Bvar
CBvarm CBvarm 1 CBvarm 1(Ag var X)

Applying (33) and (F-1) of Appendix F, the Gy (GR\/ar m) term in (G-2) isto first order

accuracy: i .

orms<-—-9:
_ -1
Gwar m (GR\/arm) 1:| (;'j =2l
ForO>m>-9:
- -1
v (Grarn) =1 +5{203)] {31+ {002 | (c-9
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Form>0:
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-1
With (G-4) and (F-2) of Appendix F, the CBVar 1GVvarm (GRvarm ](CBvar 1) termis given by



For m<-9:
-1
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ForO>m>-9:
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Substituting (G-3) — (G-5) in (G-2) and retaining only first order terms then obtains velocity
y\'fa(} . generated by Method 1 under the test example conditions:

0 Eo Eo
For m<-9: Vvar \irefo

Form=-8,-6,—-4,-2,0:
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Form=135,-: (G-6)
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Form=2,4,6,--:
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Derivation steps that led to (G-6) are discussed at the end of this appendix.

Substituting (G-6) into (G-1) with (33) for GRvarm yields, to first order accuracy, the
corresponding Method 1specific force profile that generated the (G-6) velocity response:
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Derivation stepsthat led to (G-7) are discussed at the end of this appendix.

Velocity Derivation Steps Leading To (G-6):

Applying (G-3) — (G-5) in (G-2) and retaining only first order terms obtains vel ocity \isa? .

generated by Method 1 under test example conditions for mcycles — 8 and lower:
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The next velocity calculations use the following first order approximation development based on

-1
char in (32) multiplied by [I +(Ag§avrarx)} with (F-1) from Appendix F.
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Bvar
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Eq. (G-9) isused frequently in this appendix for Method 1 velocity derivations and in Appendix
H for the Method 2 solution under test example conditions.

Applying (G-8) - (G-9) and (G-3) — (G-5) in (G-2) findsfor m=-7:

10
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Similarly, the velocity solution for m=— 6 through m=0 isas previously derived for m=-8
and —7 in (G-8) and (G-10).

Following the procedure leading to (G-10) then obtains for mcycles 1 and 2:

11
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Similarly, the velocity solution for m> 2 isas previously derived for m=1 and 2in (G-11) and
(G-12). The combined result for v >0 _ velocity isthen as shown in (G-6).

Specific Force Derivation Steps Leading To (G-7):

Included in the following development for specific force is the observation from (33) with

-1
(H-2) that to first order accuracy, (GRvar m) ~ Z[I —%(Ag\?g’rar x)}for 0=m>-9, and

-1
(Grarm) = Z{I —%(Ag'&‘grar x)} for m> 0. Applying (G-3) — (G-6) in (G-1) and retaining

only first order terms then obtains specific force AQE;’ra; generated by Method 1 under test

example conditions for eac mcycle:

13
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+§(AQ var ><)(CBvarm_l) gangm_(CBvarm_l) gangm
Bref -1
_ Bvar Bvar |_ 1 Bvar Bvar E Eo
__Z(AQ’ var ~2A% )XT—+§[(2AQ var ~ Ay )X}(CB\(/)arm_l) gangm
m
-1
Eo Eo
N (CBvarm_l) gavg Tm
Bref -1
_ \Bvar Bvar |_ 1 Bvar Bvar Eo Eo
=-2 (AQ var —ZAgvar )XT—m—{I —:—3|:(2AQ var —Agvar )X:|}(CBvarm_1) gangm

The combined (G-13) — (G-16) result for AQE;rarrn specific force is then as shown in (G-7).
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APPENDIX H
ANALYTICAL DETAIL FOR METHOD 2 TEST EXAMPLE SOLUTION

This appendix provides analytical detail leading to the Method 2 test example solution of
Egs. (31) for specific force and resulting velocity, position thereof.

SPECIFIC FORCE

Under test example conditions, Method 2 performance is demonstrated with gravity
approximated to be constant g B0 asin (38). Then (31) simplifiesto

-1
Aon-1= C Bvar 2n_1 GRvar 2n (C Bvar 2n_1 Gwar Zn)

Eo
Bdenzn-1 = [C Bvar 2n— 2( Grvaran1t Gwaran- 1) A2n-1Coyar n_p Gwar 2n—1} Tm

Eo _ pEo _ Eo _ Eo _y/Eo
Bruman-1= Rvar on ™ Svar 2n-2 2V var on-p 1M~ A2n-1 (\lvar 2n \lvar2n_2) Tm
+2( Agn-1—| )gavg T
Bvar _
A—var 2n-1 Bden2n—1 Bruman-1
(H-1)
-1
Azn CBvaf 2n- 2(GRvar2n 1+ Gwar on_ 1) (CBvar n—2 Gwar 2n—1)
Bdenzn (C Bvar 2n-1 GRryar 2n ~ A2n C Bvar 2n-1 Gwar 2n) Tm
Eo _ pEo _ Eo _ Eo _yEo
Brumzn = Bvar on ™ Bvar on-2 2—var 2n—2 1M~ A2n (\lvar 2n  —var 2n_2) Tm
+2( Aon— | )gavg T
AV Bvar

Varz Bden2n BnumZn
The development sequence for deriving Av\?g’razr and Av\i‘l’razr in (H-1) for the test example s,
based on (32) and (33), first finding Azn 1, Azn . then Byen,, 1 Bgenyy» then REO , vEo

aron ' —vargn '’

Bvar Bvar
=var 2n— and —var 2n

then Bpymon+ Brumpy,_y » @d from those, Av
Finding Aon_1 And Aop
Toderive Aon—1, Aon, first expand their equationsin (H-1):

18



-1
_~FEo Eo
A2n-1= Cpyar 5,1 GRvar 2n (C Bvar 2n—_1 CWar Zn)

Eo -1 EO !
=Cpgyar on-1 GRvar2n (GVvar Zn) (CBvar 2n—1)

-1
_ ~Eo Eo -
A2n=Cpyqr 2n_2(GRVar on1T Gwar 2n—l) (CBvar 2n-2 Gwvar 2n—1) (H-2)

Eo EO

-1
= Chvar 2n-2 GRvar 2n-1 (CBvar 2n-2 Gwvar 2n—1) *

Eo —I _Eo !
= Chyar 2n—2 GRryar 2n-1 (GVvar 2n—1) (C Bvar 2n—2) *

: 1. i .
To obtain GRvar 2n (GvVaan) in (H-2), apply (33) for Gwar o, and GRyar on’ yielding to first

order accuracy:

. _l 1
Forn<-5:  Gpryary, (GVVaan) ZEI

ForO>n>-4:
Gz (Gurn) = 1 +5aE" X)MHQ(A%B;&X)T (49
:%P +%(Agggrar x)} {I —%(Ag\?g’raf x)} - %{I —%(Anggraf x)}
Forn>0:  Gryr, (GWarzn)‘lz%{l Lag2m x)}

Substituting (H-3) in (H-2) and dropping higher order terms then obtains Aon_1, Aon:
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Forn<-5:

Eo -1 -
Aon-1=C Bvar 2n-1 G Rvar 2n (GVvar Zn) (C Bvar 2n—1)
_1_ 1 I
CBvar 2n-19 (CBvaf 2n—1) T2
Eo -1 -
Aon= C Bvar 2n—2 G Rvar 2n-1 (GVvar 2n_1) (C Bvar on— 2) +|
1 23
CBvarzn 29 (CBvarz 2) =3
Forn=-4
-1

_ ~Eo
Aopn-1=C Bvar on—1 G Rvar 2n (GVVGI' Zn) (C Bvar 2n_1)

1 1 Bvar -1
CBvar 2n-1 2{' _E(AQV ) (CBV&Y 2n—l)
1 Bvar -1
2{' _ECBvarzn 1(AQV )(CBvar 2n—1)

_~Eo
A2n—CBvaan_zGRvarzn—l(GVvarzn 1) (CBvarzn 2) *
ForO>2n>-3:

1 1 Bvar -
Aon-1= E{ I - 6 C Bvar on— 1(AQV8.I’ ) (C Bvar 2n_1)

-1
-c§; (Gverznd]
Azn_CBvarzn_zGR\/aFZn—l GVvarzn 1 (CBvaan 2) *
-1

1 1 Bvar
CBvarzn 22{| _E(AQV ) (CBvarzn 2) +

_ 3 1 Bvar -1
_E{I _ECBvarzn 2(AaVaf )(CBvaan 2)

Forn>O0:
1 1 \Bvar 1|
Aon-1= E{ | - 6 C Bvar 2n_1(A— var ) (C Bvar 2n_1)
3 1 ‘Bvar -]
AZH_EP _18CBvar2n Z(AQ var )(CBvaan 2)

Summary of (H-4) Results:
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1 3
Forn<-5: Azn_1=§| AZHZEI

Forn=-4:

1 Bvar -1 _3
A2n-1= 2{' _ECBvaan 1(Agvar ><)(CBvarzn 1) AZH_EI

ForO>n>-3:

1), 1 Bvar -
Aon-1=+ [I 6CBvar2n 1(AQ{V"=1r )(CBV&T 2n- 1) (H-5)

-1

_ 3 1 Eo Bvar
AZ”_{I _ECBvarzn—z(AQV )(CBvaan 2)

Forn>0:

-1

A2n-1= E{ I - EC Bvar 2n—1(AQ var )(CBV&U 2n—1)

-1

_3 1 Eo Bvar
AZ”_E{I 18CBvar2n—2(Aa )(CBvarzn 2)

Fi nding BdenZn—l And Bder12n

To determine Bg,,,_; @d Bgen,,, » Substitute (33) and (H-4) into the Bygn,,, ;1 + Benyp,
expressionsin (H-2), and drop higher order terms:

Forn<—-4:

- Eo
Bdenzn-1 [C var 202 GRvar an 1+ Gvwaran 1) ~ A2n-1C iy 51, Gviar 2n—1} Tm

1
{CBV&YZ Z(EI +Ij_§| CBVaVZn ZI}T”‘ CBvarzn 2 Tm= CBvar oTm (H-6)

_{~Eo _ Eo
Bdeﬂzn - (CBvarzn_l GRyar 2n Azn CBvarzn_l Gwar Zn) Tm

1 3
[CBvaan 15' _El CBvarzn 1|ij CBvar2n 1T = CBvar gT

21



Forn=-4:

Bdenon—1 [CBvarzn Z(GRVarzn 17 Gwarzn- 1) A2n—1CE\9ar2n_2 GV"arZ“—JTm
{CBvaan 2(; +I)_%{l _(lacg\?arzn—l(A“Bvar )(CB"arZ“‘l) }CBvarzn ZI}Tm
CBvarzn 2[| 12(CBvar2n 2) CBvarzn l(AaBVar )(CBvaan 1) CBvar2n 2}Tm
char_g{l +1—12(AQ\I/3§“ x)}Tm (H-7)

—[~Eo0 _ Eo
Bdenan = (C Bvar 2n—1 GRvar on~ A2n Chvar 2n—1 Gwar Zn) Tm

1 1/, Bvar 3 1/ Bvar
{CBvaan_lz[l +§(AQV ) _EI CBVa|r2n 1 I+§(Agvar ><) Tm

= 7 Bvar
CBvar_g[I +E(Agvar X) Tm

22



ForO>n>-4:

_ Eo
Bden2n-1 [C var 202 GRvar an 1+ Gvwaran 1) ~ A2n-1C iy 5, Gvier 2n—1} Tm

1 1 Bvar 1 Bvar
CBvarzn 2{2{| +§(Agvar X)]{I +§(Agvar X)

_ Tm
_%{I _%CBvaan 1(Aanar )(CBvaan 1) 1} CBvarzn 2{' +%(Ag\%ar X)}
C B 2{' +1—52(AQ\|/3avrar x)}
- Tm
112CBvar2n 1(AQ(‘I/3Var )(CBV&WZn 1) CBV"’“ 2n-2 (F-9)
CBvarzn 2:I +;(A“\I/3;rar )}Tm
Bdenan = (CE\(/)ar on-1 GRvar o0~ A2n CE\(/)ar on-1 Cwar 2”) Tm
C B 1;_I +%(Aggavrar x)}
= ) Tm
‘g[' 11805\9ar2n z(A“Bvar )(CBvaan 2) }CB\WZn—l[I ;(Aa‘l’gavrar )}
CBvarzn 1+ 6 E\(/)arzn_l (AQ\?E;/rar ) jcg\eaan—l( g‘?f;/rar X)

1 Bvar
1ZCBvar 2n— Z(Agvar X)

_ 1 Bvar
= CBvarz 1[I+E(Agvar ><) Tm
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Forn>0:

- Eo
Bdenzn-1 [C Bvar 2n- 2(G Rvar 2011 Gwar 2n—1) A2n-1Cpyar n_p Gwar 2n—1} Tm

CELy 2{1' +;(A 'Egrarx)}{l +%(Ag‘5‘§rarx)}}

= Tm
1 1 Bvar 1 \Bvar
_E{I _ECBvarzn 1(AQV )(CBvarzn 1) }CBV&TZ Z{I +§(AQ var X)
Bvar Bvar
CBvarzn 2 3CBvar2n Z(Agvar )_ZCBvaan 2( 2 var X)
= Tm
1 C (Aa.Bvar ) C C
12 Bvar on—1\™= Vi Bvar2 -1 Bvar2n 2
1 Bvar
CBvargn 2[' +§(AQ’ var ><)}Tm (H-9)

Bdenzn = (CBvarzn  GRvar 20~ A2 C ey o 1(3Vvar2n)T
1 1 Bvar
CBvarzn—l 2[' +§(Ag var X)}
= m
3 Bvar 1 Bvar
_E[ _ECBVaYZn 2(Aa )(CBVaVZn 2) }CBvaan_l[l +E(AQ var X)

(2082

4 4Gt Bvar 2n— 1(A0{'B\/ar X)

C Bvar 2n— 1 6 C Bvar 2n-1

12 C Bvar 2n- 2(AQ '\I/Bgfar X)

— 1 1Bvar
CBvarz _1l:| +§(AQ var X) Tm

Summary of (H-6) to (H-9) Results:
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Forn<-4:

Bdenzn-1= C Bvar _g Tm  Bdengn = C Bvar _g Tm

Forn=-4:
Bdengn-1~ CBvar_g{I +1_12(AQ\I/3grar ><)}Tm Bdenon = CBvar_g{l +1—72(AQ\I/3$/rar ><)}Tm
ForO>n>-4: (H-10)
Bdenon_ 1_CBvar2n 2{' +§(A25grar X) Tm  Bdenpy= CBvaan_1 | + ;(Ag\%’rar x)]rm
) Forn>0: )

1 \Bvar _ Eo 1 Bvar
Bdengn-1 CBvaan 2|:| +E(Agvar X) Tm Bden2n__CBvar2n_1 I+ Z(Agvar ><) Tm

Finding The RE0 . -And \i\fa?m Terms

Eq. (37) for B\'fa?mwith m=2n is used as the basis for evaluating the _Ea$2 V\I/anrz terms

in (H-1) under the example conditions.

Eo _ Eo Bref
Riaron =2nV refy Tm+CBvar2n|

Eo _ V Eo R/ar m+l ar m-1
—var —var
2n m 2T m

Bref Bref -
(m+1)\1'f° Tm+Choar gl (m—1)\_/:EO Tm—Cgoy, 17 (1D

2Tm
Eo Eo Bref
Eo (CBvar 2n1~ Chvar 2n—1) !
=V, &t T
m
From (H-11) with (32) for ngar , the aan _Ea? . position change in (H-1) becomes:
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. Eo Eo _ Eo
< — . — =
Forn 4: R aron” Rvaron-o = 2 Yref, Tm
Forn=-4:
cEo _—cEBo _Eo I +(Aanar>< +1(Aanar>< ? cEo  —cEo
Bvar 2n Bvar _g Bvar g =var 2 =var Bvar n—2 Bvar _g

2
Bvar 1 Bvar
CBvarn_CBvarn 2 CBvar -8 CBvar -9 CBvar QUAQvar X)+§(Agvar X) }
Eo _ Eo Eo Bref
=var 2n arzn 2 Rvar _8 “var_1o 2V Tm+(CBvar -8 CBvar g)l

=var

:2\150 Tm""CBvar I (Ag\?g'rar x)+%(Aanarx) }I_Bref

ForO>2n>-4:

Bvar 1 Bvar 2
CBvar2n CBvarzn_l | +(AQ‘var ><)”LE(AQ’var X) }

(H-12)

Bvar 1 Bvar 2
CBvarzn 1 CBvar2 2{' +(Agvar X)+§(Agvar X) }

CBvarzn CBvarzn 2[' * (Agsgfar X) +%(Ag‘\?grarx)2} {I * (AQ‘\?;rar X) + %(Agx?a\?arx)z}

CB\/ar2 2{| +(AQ\?{,\1/rar x) +%(AQE&\{I‘&X)2+(AQ&¥N X)+(AQE;arX)2+%(AQEgrarX)Z:|
CBVar2 2{I +2(A Buar )+2(A Eg’rafx)er..}
Var

2
Bvar Bvar
CBVarzn CBVaan 2 CBVarz 2|:| +2(A )+2(A )() —|—-.._|:|

= 2C0a 5, 2{(AQ‘E’:\/ralr )+ (Ag\?;rarx)z}

2
Eo _ pEo _ Eo Bvar Bvar Bref
Riaron ™ Ruaron_n = 2 Yret Tm+2CBvar2 2{(Agvar ><)"’(A@var X) }I_
Forn>0:
2
Eo _ pEo . Eo Bvar Bvar Bref
—varpn —varap-2 2V o Tm+ ZCBvarz 2{(AQ var X)+(AQ var X) }-

Summary of (H-12) Results:
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_4- Eo _pEo 0
Forn<-4: R ~Ra, ,= Vi, Tm
Forn=-4:
2
Eo Bvar 1 Bvar Bref
R\/ar 8 ar 0= 2Y, Tm_"CBvar 9{(Aavar X)"_Z(Agvar X) }I_
ForO>n>-4: (H-13)
2
Eo _ pEo _ Eo Bvar Bvar Bref
Dvaron 2 ar2n_2~2\lr Tm+2CBvar2 2{(Agvar ><)+(AQ‘var x) }l_
Forn>0:
Eo _ pEo ~2VEO T +2C (Aa.Bvarx)+(Aa.BvarX)2 |Bref
—varon —varop_2 <~ —refy, 'M Bvar on_2| \~% var Y var L

The VVar2 » and Vvar2 VVarz __ velocity termsin (H-1) are obtained from (H-11) with

(32) for gl - Firs, \1502 is obtained. Then what follows is modified to get V\'fa?z , and

vEo _yEo |
—varan —varan-2
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Forn<-4:

Eo Bref
R\/filr2n+1 arzn 1 zyref Tm+(CBvar2n+1 CBvarzn—l)
Bref _ Eo
) 77 =2V ey T

_ Eo
_Zyrefo Tm* (CBvar -9 CBvar -9

Eo Rvar 2n+l ar 2n-1 _y/EQ
—var_10 2Tm —refy
Forn=-4:

B 4= OB +[2B5 )+ 20|
B OB o1 +{3B7 )+ 3102
=G 1 +(808 )+ (0B 1+ (3 )+ 0B
ko { 2{saB ) 2(saB (14
R -]
~2055, | (308 + (32|
S0 RED ~2VE) T

—var_7 —var_g

=2V Tm+2Cgly {(Aa\%’rar x)+ (A2 }_Bfef

Bref
CBvar -7 CBvar g)l

Eo - Eo I Bref

Eo _—var-7 —var9_,,Ep Bvar Bvar, \“ |1
Viarg= 2T m \lref +CBvar 9{(Agvar ) (Agvar )}Tm
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Eo _ ~Eo0
CBvar -7 CBvar_g
Eo _~Eo
C Bvar 6 C Bvar _7
Eo _ ~Eo
CBvar -5 Chvar -6

=C

—cEo Bvar

Eo
Bvar —g

=C

CEO Eo

Eo Eo
—var-5 —var-7
_ Eo
=2V, g Tm+2C
Eo _ pEo
Eo _ —var_5 —var_7 _.,Eg
—var_g¢ =V

2Tm

Bvar_5~ CBvar_7

Bvar 9
e

Eo
Bvar —g

—refy

Forn=-3:

Bvar
| + (Agvar

g
g+

Bvar
| +(aady

Bvar
| + (Agvar

E\(/)ar_{l +(Ag\?g’rar ><)+%(Ag5graf><)2} P +(A253'rar
x)g(Agsavrarxﬂ {. +2(ra

AanarX)z_.}

Bvar -g Lvar

Bvar 5

{(AQVB;” x)+2

Eo
+C Bvar _g

29

x) +%(AaB"ar><)2

Bvar

var

=var

2
Bvar
Mg

2
Bvar
AQ’var X)

=var

X)*‘%(AQ\%H

var

=var

[(Aanar ><) +2 (Agggrarx)z}

_cFEo Bref
C Bvar_7) I

saB )

=var

{(Aanar X) +2 (AanarX)

"

xﬂ

x)+ Z(AQBvarX)2+..}

I Bref

Tm



Bl 5= Bl (102 )
Bl o= Bl o (80 ™)
CEt 5= CBl o[ | {307 <)+ 002
-0, (303 {2 )+ ot ]
~c, 6[. (0 )+ 5 202 | 1+ 2008 )+ 2502 -

=Cgoy {I +3(Aaf ) +%(Ag5;rarx)2..} (H-16)

2
- Bvar Bvar
CBvar -3 CBvar -5 2 CBvar -6 {(Agvar ) +2 (A Xyar X) }

2
E E Bvar Bvar Bref
18 2B oo

var

Eo - Eo I Bref

2
Eo _—var-3 —vars5_,,EQ Bvar Bvar LS
\lvar_4_ 2Tm _\lref JrCBvar 6{(Agvar )+2(A Xvar x) }

Tm
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CBvar -3 CBvar_4
CBvar -2 CBvar -3
CBvar 1 CBvar _2
_ Bvar 1 Bvar 2 Bvar 1 Bvar 2
=cEo 3{| +(Aaf <)+ E(Agcvar x) MI + (Al )+ Z(Agvar )}
-Gty |1 +{a02 )+ S{a | 1 +2(s08 ) r2(saB 4

CBvar_4|:| +3( Bvar x)+§(Ag5grarx)2..1 (H-17)

CBvar 1 CBvar 3~2CBvar 4[(Aanar )+2(A \E/Sg/rarx)z}

2
Eo _ pEo Eo Bvar Bvar Bref
RO -REY =2V{0 Tm+2CEY, A[(Aavar x)+2(AQvar x) }_
E Ea(? 1= Ea?r 3 E Bvar Bvar,\? | Bref
0 = - 0 -
Viar 5~ 5 =V, +Char 4{(Agvar ><)JFZ(AQ‘var x) }
Tm Tm
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Forn=0:

2
Eo _ ~Eo Bvar 1 Bvar
CBvar_l_CBvar_z{I +(Agvar X)+§(A0{ X) }

CE\(/)aro: CE\(/)ar_l[l +(AQ\E/36\1/raf x)+%(Aanarx)2}

Bvar1 Bvar o = var =< var

cEo _Eo P+(Aa.BvarX)_l_%(Aa.Bvarx)z}

- B |1+ (a0 ) a1+ (s Sl

2
_ ~Eo Bvar Bvar 1 Bvar Bvar
= Chvar _1{| + [(AQ var TA%r )X} + E[(AQ’ var TA% qr )X} }

| [A_.Bvar A_Bvar }
B [1+aa2 ) Hoa2] e

1 2
+§[(A g'\?a\l/rar +A Q\I?g/rar )x}

1 2
=cEo {I o] (80 B+ 28080 x|+ (aa B2 00 ) } (H-18)

Bvar _2

[(Ag'\?g’rar +Aanar)><}

SLvar
E E E
CB\(/)arl_CB\ear _1z B\ear_z 1 Bvar Bvar 2 Bvar 2
+§ [(Aglvar +2A0, )x} _(AQ‘var x)
Eo Eo _ Eo Eo Eo Bref
Dvary Pvar_1— 2\iref0Tm+(CBvar1_CBvar_1)l—
Bvar Bvar
(2 +aae) x|
:2VE0 T +CE0 IBref
—refg ' M" ~Bvar—2 1 Bvar Bvar|_ 12 Bvar_\2
+§{[(Agvar +2A0 5 )x} —(Agvar x)
Eo _ pEo
Eo _—varg —var—j
Bvar Bvar
L e vaa2)] o
— 0 0 L
_\lrefo +ECBvar -2\ 1 Bvar Bvar\_ ]2 Bvar \2| /| T
+§ [(Aglvar +2A0 5y )x} _(AQ‘var x) m
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Forn=1:

cEe,,=cEo, O{I +(Aag x)+ %(AQ'Egrarx)z}
by O] 1+ {35+ 328
B, - cBm@ H(aa 8 <)+ el
OB 1+ (302 )+ 0 B[+ (a0 B )+ S{p B

CBvarl{I+2(A B x)+2(Ae 'Egrarx)z} (H-19)
o]+ (20 B 2o B 1 2(a 8 2 sl
CBWO{ +3(a B x)g(Ag-ggrarxﬂ

2
- Bvar Bvar
CBvarg_ CBvar1 2 CBvaro {(AQ var X) +2 (AQ’ var X) }

I Bref

Eo _pEo Eo
—var3 arl_zv Tm+(CBvar3 CBvarl)

2
_ E Bvar \Bvar Bref
_2\ir0 Tm+2CBvaro{(AQvar )+2(A var X) }l_

Eo - Eo 2 |Bref

EO _ —varg — ar]_: EO \Bvar Bvar =
\lvarz——z_l_m \iref +CBvaro{(Aa )+2(A var ><) }—Tm
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Forn=2:

2
.Bvar Bvar
CBvarg Bvarz I+ Aa +_(AQ X)

C Bvarg Bvar 3

Aa
Aa'Bvar +£(A0{'Bvarx)2

C Bvar 5 Bvar 4 =< var

N

! |
|:| Bvar +%(A0!'Bvar><)2
-

= CBvarg{l + (Ag'\?g’rar x) +%(Ag'§$’rar )2} [I + (A ‘Bar ><) + ;(Ag'\?g’rarx)z}
=Cg0, 3{| +2(0 o x)+2 (A 'Ea"rarx)z} (H-20)
80| 1 +{ar X 2 1+ 2 ) 2|
0B 1 +3{aeB )+ b
CBV&YS_ CBvar?, =2 CBvarz {(AQ.EE;/rar X) +2 (AQ'\?grarx)z}

Eo _REo Eo
—vars ar3_2V Tm+(CBvar5 CBvar3)

=2V 79 Tm+2CBvar2{(Ag'\|,3a\"rar )+2(A B\"'J‘rx)z}l_B'ref

I Bref

var
Eo _ pEo

2
Eo _ —vars5 —var3 _\,Ep Bvar Bvar Bref
\lvar4_ 2Tm _\lrefo +CBvar2{(Aa )+2(A var X) }l_

Summary of (H-14) to (H-20) Results:



Eo Eo Eo Bvar Bvar 21 Bref
Viar g :\lrefo + CBvar_g{(AQ[var X) + (Agvar X) }_Tm
B 2_ | Bref
Eo _\/Eo0 Eo Bvar Bvar !
\lvar_ﬁ _\irefo + CBvar -8 (Agvar X) +2 (Aavar X) T
B 2_ I Bref
Eo _\/Eo0 Eo Bvar Bvar !
\lvar 4 _\lrefo + CBvar_e (Agvar X) +2 (Aavar X) Tm
E E E [ Bvar Bvar_\2 |15
o _—yEo 0 11 i
VES ,=VR +CEY (2B x)+2(Aa2Ex) - (H-21)
Bvar Bvar
[ Ao +Aa x}
= var =var Bref
Eo _\/Eo ECEO ( , ) |_ r
—varg —ref Bvar _» 1 2
0 2 +E{[(Aa'\%ar+2 Ao )x} —(Aa\i\l’rarx) } Tm
2 I Bref
EO _ EO EO Bvar \Bvar -
\lvarz_\lrefo +CBvaro{(AQ var X)+2(AQ var X) } T
2
Eo _\/Eo Eo Bvar \Bvar Bref
Yvar g4 _\lrefo +Chyary {(AQ var X) +2 (AQ var X) }l_

. EO
ToobtainV - o

) in (H-1) asafunction of C

asafunction of C

Eo

First note that

Eo
Bvar on—2

asis \lvaan'n (H-22), find C

Bvaron—2°

Bvar
AQ‘var X

Bvar

N

e [

x) + %(Ag\?g’rarx)z}

|1 (30 (308 ¢ (8B ) ~(20Bi) 45 2eB)
" Yol Yl
=1+ %(Aa\?g’rarxf
[. +(ra B x)%(m-ggrarxﬂ[l —(agrBe x)%(Ag-gavrarxﬂ: 2 aa e’
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Eo
Bvar 2n

(H-22)



r -1
2 2
[I +(Ag\'/3$’rar x)+%(AgEg’rarx) I+(Ag§$’rarx)+;(Ag\',3;;’rarx) } =
- _ (H-23)
{I +(A0{'B"""r ><)+1(Aa'Bvar><)2 I+(Aa'Bvarx)+l(Aa'Bvarx)2} =
= var 2 = var = var 2 = var
Thus, to third order accuracy:
[+(A Bvar lA Bvar 2__1~_| A Bvar 1 A Bvar 2
+( Pvar X)""E( Pvar X) - _( Pvar X)"'E( Pvar X)
) 1 ) (H-24)
| Bvar 1 Bvar 21 ~|1 Bvar 1 Bvar 2
+(Ag var ><)+§(Ag var ><) = —(Ag var X)+§(AQ{ var ><)
Applying (H-24) to (32) obtains:
. Eo _~Eo0
For m<-9: Chgvar 1= CBvar g
For0>m>-09:
E E B 1 pr 2|
var var
CB\(/)arm_fCB\(/)arm{H(AQvar ><)+§(Agzvar ><) } (H-25)
_ ~E0 | A Bvar 1 A Bvar 2
=~ Chvarm _( Lvar X)"'E( Pvar X)
orm>0: CBvarm_1~CBvarm —( A \ar x)+§( A \ar x)
Successive application of (H-23) then finds CE\(/)ar a8 afunction of CE\(/Jarm:
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_q- Eo _~Eo
For m<-8: CBvarm_l_char_g
_ .
Eo _ ~Eo (A Bvar ), (. Buar )
Chvar_o = Cpvar_g| ! (Agvar X)+2 Alg X
For —-2>m>-8:
cEe  =cEo |1 —(Aanarx +1(A0{Bvar><)2
Bvar _g Bvar 7 Zvar 2 Zvar

= Cg\cl)ar_a{l - (AQ\?;\/rar X) + %(Agggrarx)z}{l 3 (Agsgrar X) " %(Ag\i\‘/rarx)z}

=var Zvar

~ ngar_e{l —(Agggrar x)+%(AQ\‘/3£/rarx)2_(Aanar x) 4 (Ag\llggrafx)Z_i_%(Aanarx)z}

:cggar_Gp ~2(aaB x)+z(AgVBavrarxﬂ

Coor = CB 2{I—Z(Aanarx)+2(Ag\2;’rarx)2} (H-26)

Bvarm Bvar m+ =Zvar
For m=-1:
Char 1~ Covar o{l ~(Aa )+ %(Agsgrarx)z}
= Cg\garl{l - (AQ'\%/rar ><) +%(AQ-\I?a\/rarX)2}[l _(Ag\l?g/rar X) +%(Ag\l?avrarx)2}
|- (aaB ) Saal) - (aaB)
- CBvar1

H(2arB ) (aaB x)%(Ag-ggrarx)z

—cEo {| —[(Ag\?grar+A0{'Bvar)><}+%[(AQBVN+AQ'BVW)><T}

Bvar1 = var var var
Form>0:
2
Eo _~Eo _ Bvar Bvar
CBvarm_CBvarerz{l Z(AQ var X)"'Z(AQ var X) }

With (H-26) and (H-21), VEO  can befound from (H-1) asafunctionof ¢E0, .
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. Eo Eo
F <-4 =
orns . VV Vr f

Forn=-3:
Eo _vEo _\/Eo Eo Bvar Bvar 2 |_Bref
Viar on_2 =Viar 8 —\lrefo + CBVH_Q[(AQvar X) T (AQvar X) }T—m
g, i, 1 -(30% )+ H{aalir | aal)+ (acm |2
Bref
=~V Fe?o +C E\c/)ar _8[( A Q\Elsglrar x) + higher than second order terms} _T -
Forn=—2: (H-27)

I Bref

2
_yvEo _yEo Eo Bvar Bvar
=V _\—/refo +Chyar_g {(Agvar X) +2 (Agvar X) }T—m

Eo Eo Bvar Bvar 2 Bvar Bvar 2 |Bref
:yr%mm_ﬁ{. —2(8aB ) + 2 4a87) H(A% )+ 2(2aB) }_-Tm
E E Bvar Bref
~\ EO 0 i !
~\1rero +CBvar_6[(AQvar ><)+h|gher than second order terms} =
Forn=-1:

E E E E Bvar Bref
0 —yEo _yEo 0 i !
Viaron-o ™ Yvar 4~ Yrefy +CBvar_4[(Agvar ><)+h|gher than second order terms} -
(Continued)
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(H-27) Continued

Forn=0:

Bvar Bvar
[(Ag var +Agvar )X:| | Bref
VEo _VEo +1CE0 !

Yvaro Lref Bvar 2 1 ? ?
0 o 2 +E{[(Ag-\ll36\‘/rar+2AgEgrar)x] —(AQ\?;rafx) } Tm

| - 2( A2 x| [(AQ'Eavrar +Aae) X} Bref

_VEo 1 Eo 2 2
A | owtaseter-oatne |

~ “refy + ECBvaro

(o 208}

1 Bvar Bvar 2 Bvar 2 Bref
_vEo +1CEO +§{[(Agvar T2 A gy )X} _(AQ‘var X) e
— 0

Tm

-2 (Ag\?;;’rar x)[(Ag'E&’rar +Aa N ) x}
+ higher than second order terms

[(Ag'\?g’rar +Ag\ll3£;’rar)><J

ver clom [ L2 (Ag-savrafx)z*z“(Az'Efx)(AzS‘a“ﬂ’X)+4(A@5avrarx)2 s
02 *| - (aal) - 4 (2ol (e B raal )] | [ T

+ higher than second order terms

Bvar Bvar 1 Bvar 2 Bvar 2
Iy [ Y- e B [ (el
—refo 2 Bvarg

+ higher than second order terms

(Continued)
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(H-27) Continued

Forn=1:

Bvar Bvar
(pa +nal

Eo _VEO _VEO +1CEO

Lvaron—o ~ Yvarg~ Lref Bvar _o 2
2n-2 0 0o 2 +%{[(Ag.ggrar+2Agggrar)xJ _ AOlear

d
(Aay
|- 2(8B ) [(2ar i+ aal)<]
(a
2

_vEo L -~FE0
_\lrefo + ZCBvaro

|_Bref
x)z} Tm
+2(AQ\|,3$’rar><)2 +%{[(AQ'5§”+2AQ\%"’“)XT— a\?&‘l’rarx)z}>

)

1 2
[(AQ'\%&+AaB"ar)><}+§{[(Aa'Bvar+2Ag\?g’rar)x} —(Ag\?g’rarx } | Bref

1 Lyar & var
Z\iFe(f)O +§CE\(/)aro T
—Z(AQ\%& X)[(Ag Dar +AQE;/rar)><} + higher than second order terms/ ™
(808 + a0 )]
2 2
Bvar Bvar Bvar Bvar
_yE +ECE0 +E (Ag var ><) +4(Ag var x)(Agvar X)+4(AQ’var x) l_Bref
—refy '~ o ~Bvarg 2 B (A Bvar )2_ ( Bvar \Bvar Bvar Tm
Ovar X| ~HAQyar X)| |ALvar +A%g )X

+higher than second order terms

1 2 2
0 .1 Eo [(AQ'@? +hae) X} + 23 (A ) - (aaiyx) ¢\ 1B
=Vie, T5Cs 2 R
0 2 var o - T -
+ higher than second order terms

Forn=2:
Eo Eo _\vEo , ~Eo Bvar Bvar_\2 |15
\ivarzn_z :\ivarz :\lrefo + CBvaro {(Ag var x) +2 (Ag var x) }—_Tm
2 27 Bref
_\yvE E Bvar Bvar Bvar Bvar L
_\lre(f)o +C58ar2{l - Z(Ag e ><)+ Z(Ag o~ ><) } [(Ag o ><) + Z(Ag e ><) }—Tm
E E B Bvar,\2 Bvar_\2, Bref
=\ire(]20 + CB\(/)arz {(Aglva\{rar ><) +2 (Ag'va‘f‘rx) -2 (Ag'vg’rarx) + higher than second order terms} _T
m
E E Bvar Bref
_yEo 0 ' i L
—\irefo + CBVNZ[(AQ var x)+ higher than second order terms} T

(Continued)
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(H-27) Concluded

For n=3:
E E 27| Bref
VES, ,VED, ~VED +CE, (a0 B r2(sa [
=Vrg + CESW{' ~2(Aa' g x)+2 (AQ'VBJr”X)Z} {(AQI\?a\llrar x)+2 (AQ'%MX)Z}%
Bref
~V Fe?o + CE\(/)am [( A Q-Egrar x) + higher than second order terms} _Tm
For n> 3:
Eo  _.yEo 4 Eo [(Aa'B"ar ><) + higher than second order terms} il
—varopn-2 —Trefy Bvar 2n-2 = var T
Summary of (H-27) Results:
Forn<-4: V&0 - :!Fe(f)o
vEo ~vEo 4 Fo (Aanar x) + higher than second order terms]| e
—var-g —refy Bvar —g| var T
_ - Bref
\1563 R z\lfe?o +CEY, . (Ag\?g’rar ><) + higher than second order terms _T—m
- Bref
\l\l,zaor 4 “!Fe?o + CEf,’ar ) 4_(Ag§grar ><) + higher than second order terms | _Tm
E E - _ T Bref
v>o L= \ire?o +C E\(/)ar _2_(Ag\?e‘l’rar x) + higher than second order terms _Tm (H-28)
Bvar Bvar 1 Bvar 2 Bvar 2 Bref
vE0 —yEo +1CE0 [(AQ var TA%r )XJ +§{(AQ var x) - (Agvar X) } |

—varg —refy 2 ~“Bvarp T
. m
+ higher than second order terms

Bref

Eo _\/Eo0 Eo Bvar i !
Viar, =Yy o * CBvarz[(AQ’ var ><)+ higher than second order terms} .

Bref

Vo 4 z\iFe?O +CBors [(Ag'\?g’rar x) + higher than second order terms} =

Tm
For n> 3:
Bref

Eo _vEo Eo Bvar : |
yvaan_z =~V e *+ChByar on_» [(Ag var x) + higher than second order terms} .

i Eo _yEo - - -21):
Tofind \lvarzn \lvarzn_z for (H-1), subtract (H-28) from (H-21):
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Eo _yEo _yvEo _yEo _—
—var-10 \ivar_lz_\lrefo \lrefo =0

2 | Bref
Eo _\/Eo _\vsEo0 Eo Bvar Bvar ! _vEo
\lvar_g \lvar_lo _\irefo + CBvar_g{(AQvar X) + (AQvar X) } T \irefo

= cEo [(Aanar ><)+ (AQBvarX)Z}E

_ Zvar
Bvar _g Tm

VED (VD (v, O (sa o) r2(aal
- \irEe?o -Cgo, _8[(Ag\?g’rar ><) + higher than second order terms} e

£ 2 ) | Bref ;
=Cgoy s [2 (Ag\?g’rar ><) — higher than second order terms} _T -

Eo Eo Eo Eo Bvar Bvar, |2 | Bref
v -V :\lrefo *Chvar {(Agvar X) +2 (Agvar X) ]—

Lvar—4 ~var—g T
Bref
—\LFG?O -Cgo. 6[(Ag\',35’rar x) + higher than second order terms}l- (H-29)
_ -
_~Eo Bvar 2_ . _Bref
=Cpou_g| 2|Ayar %) —higher than second order term
- -
Bref
vEo _yEo _yEo | (Eo (Aanar X)+2(Aanar><)2 | r
—var_2 —var—4 —refy Bvar _4 Zvar Lvar T
Bref
_!Fe(f)o -Cgo, 4[(Ag\',3g’rar ><) + higher than second order terms} -
_ -
Bref
=CEo [Z(Aanarx)z—hi her than second order terms] r
~ “Bvar_4 SLvar g -
m

(8@ 3 a0 )|

1 |Bref
vEo _yEo _yEo , =~E0 1

—varg —var_p —r€f Bvar 2 ’ ’
0 2 0o 2 +%{[(Aglggrar+2Ag\Z\?ar)x} —(AC_YE;;/,-arx)} Tm

Bref

~-V Fe(f)o e E\(/)ar _2[( A g\?avraf ><) + higher than second order terms} _T -
1.E Bvar Bvar : Bref
= ECB\(’)af—2<[(Aglvar — A0y )x} — higher than second order term> _Tm

(Continued)
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(H-29) Concluded

I Bref

2
Eo _\/Eo _\/Eo0 Eo \Bvar Bvar
Viars \ivaro_\lrefo +CBvaro{(AQ var X)+2(AQ‘ var X) } T

Bvar Bvar 1 \Bvar 2 Bvar 2 Bref
A [V v A [ e
—refo 2 Bvar o Tm

+ higher than second order terms

2
Bvar Bvar
(Ag var x) +2 (Ag var ><)

= CE\(/)aro _%[(AQ'\E’;\\?N +AQ5{:‘/rar)x} _%{(Agv&’:‘/rarx)z_ (AQE;;IrarX)Z:|

— higher than second order terms

| Bref

Tm

Eo %[(AO{'BVar _Aanar)x} +£ (Ag'\?grarx)2+%(A0(BvarX)2 I_Bref

=Cg2, . & var Evar Lvar -
— higher than second order term m
£ 27 Bref
Voo Vam,=Vid +Chl, {(AQ'%” x)+2(Ac %) }T—m
Bref
Y IrEe(f)O ~Char i(Ag'Egﬂf ><) + higher than second order terms} —
2 Bref
=Cg%, , {2 (Ag'\?g’rarx) — higher than second order term} _Tm
Bref
= Cpoar» 2 (AQ'EJr""rX)Z"Tm
E 27 Bref
VED VED, VED +CED, | (3 s2(aa ) |
Bref
~V Fecf)o —C E\(/)am [( A g-\I/Sg/rar x) + higher than second order terms} _T -
Bref
= Chara {2 (AQ'VBJFX)Z}"T—m

Summary of (H-29) Results:
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Eo _yEo _yEo Eo _
—var_10 \ivar_lz T —refy \irefo =0

2 |Bref
Eo _\/Eo Bvar ) ( Bvar ) L
\lvar -8 \lvar_lo CBvar 9{(Agvar X+ AQ‘var X Tm

vEo _ = ckEo Z(AaB"arx)z— higher than second order terms -Bref
—var_g var -8 Bvar _g Zvar g9 Tm
E E Bvar 2 Bref
Vi 2~V o =Cg%, G{Z(Agvar x) — higher than second order term]_l_Irn
Eo Eo Bvar 2 : Bref
\ivar_z—\ivar » char_{Z(Agvar x) — higher than second order terms} . (H-30)
E E Bvar Bvar Bref
0 0 '
Viaro Yvar o ZCB\,a,r 2<[(Ag var — Ao ) } higher than second order term >
1 Bvar Bvar / .Bvar 2 Bvar
Eo Eo _ [ Al — Ay X} Al
Vvarz Vvaro CBvaro 2 ( ) 4( )
— higher than second order term
E E Bvar Bref
0 0 _ . B
\lvam VVar2 = CBvarz {2 (Ag var ) higher than second order term} .
) Bref
vEo _ =cEo Z(Aoz'BV""r x) — higher than second order terms |=
—vare var4 Bvar 4 =< var g Tm
Finding Bpyym,n_ AN Brymon,
E
Tofind Byymy,, ; @d Bpymy,, Substitute Ao 1, Agn from (H-5), R arz -R a?2n_2 from (H-
Eo Eo _yEo -30) i -
13), \lvarz from (H-28), and VVarz \lvaan_z from (H-30) into the (H-1) Brumon_1 and Brumon,
equations:
Forn<—-4:
Eo _ pEo _ Eo _ Eo _y/Eo
Brumzn-1= Rvaron ™ Raran-2 ™ 2Yvar gnp Tm ™ A2n-1 (\ivarzn ~var 2n—2)Tm
E E
+2(Agn_1-1)970T# = gayng (H-31)
Eo _ pEo _ Eo _ Eo _vEo
Bnumzn —var2n —varan-2 2\lvarzn_z-rm A2n (\lvarzm \lvaFZn—Z)Tm

+2(Aon—1)950 7%, 95\?9 TS



Forn=-4:

Eo _ pEo _ Eo Eo _y/Eo
Bruman 1= Rvar on ™ Rvaran-2 ™2 Yvar oo Tm ™ A2n-1 (Vvar o0 Yvar 2n—2) Tm
+2(Agn-1-1) gavg Té

var

=2V 2 Tm+Cply S{(AQBVEU x)+(Aaf) }15“‘“ 2VE0 Tin

;{I _%CBvar 9(A0{B\/ar )(CBvar 9) }CBvar 9{(AC—Z\E/;;rar X)+(AQ\E/3;rarx)2}|_Bref

1 Bvar -1
{I + 6CBvar Q(Aa )(CBvar g) ganTm

Bvar Bref Bvar Bref
(Agvar X)I- ZCBvar 9(Agvar X)I_

1 Bvar
_{I 6[(CBvar gAQvar )X}} gangm

1 1
) CE\(/)ar g(AQ\?;rar X) I_Bref _{l 6[(CBvar 9Aa\?a\\lrar)x}} gavg Tm (H-32)

CBvar -9

Bruman = Eacl)r on —Ea? on-2 Zy\llza? on-p TM~ A2n (!\I/Ea? 2m _!\I/Ea? 2n—2) Tm
+2(Agn—| )gavg Té
-8 o () + (2 [12 -2 B, | (2l o)+ (2B o
+ gavg

Bvar ><) |_Bref

Bvar Bref Eo 2
CBvar 9( Lyar (AQ\/ar X)'_ +9

2 C Bvar g avg

1 Eo (AanarX)l_Bref g

ZCBvar —g\— =var avg
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Forn=-3:
Eo Eo

Eo _pEo  _oyEo _ ( _ )
Brumzn-1= Riaron ™ Riaran2 ™ 2Yvarona Tm~ A2n-1\Yar o0 ~Vaar onp) Tm

+2( A2n—1_ I ) ga\/g Tm

E Bvar Bvar Bref Eo
-2vEe Tm+2CE0 8{(Agvar x)+(AQV )}I ~2VE2 T

| Bref
Bvar

_ZCBvar S(Aavar ><)

Tm
2
Bvarx) |_Bref

Bvar
[ g ) b

| 1 Ao BVar ) -1 gEo 12
+ 6CBvar 7( Lvar CBvar -7 Zavg ' m

2
Bvar Bref Bvar
CBvar S(Agvar X) I { 6[(CBvar_8 Lvar )X}}gavg-rm
Eo _ pEo _ Eo _ Eo _y/Eo )
Bnumzn = Bvar o0 ™ Bvar on_2 2V var on-p 1M~ A2n (\ivar 2m Yvar on-z) Tm

+2(Aon—-1)950T%,

E Bvar Bvar, Bref Eo
-2 T 205D (8087 )+ (202 |15 -2vEp 7.

Bvar Bref
_ZCBvar S(Agvar ><)I_

1 Bvar Bvar 2 Bref
3{' __CBvar S(Aa )(CBvaan 2) }CBvar g(AQvar X) I

18
| 1 Eo A Bvar ) -1 g
+ _6CBvar 8( Lvar CBvar -8 angm

2 1
Bvar Bref Bvar Eo
= CBVar S(Agvar ><) | +{I 6[(CBvar 8 Ady o )x}}gangm
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ForO>n>-3:

Eo _REo _oyEo

B o
numan- 1 —varon —varon-2 —var2n-2

Tm_AZn—l(\lEO -V )Tm

vargn —varan-2

+2( Agn-1—| )95\% Th

var

_ E Bvar Bvar Bref Eo
_2\40 Tm+2CBvar2 2{(Ag ><)+(Agv )}I 2V Tm

| Bref

—2 CBvar 2n— 2(AQ’\I?<”3l/far X) i

Tm

1 Bvar Bvar 2 Bref
{I GCBvarzn 1(AQV )(CBvar 2n—1) CBvar 2n-2 (Agvaf X) !
Bvar -1 Eo
I += 6 C Bvar on— 1(Agvar )(C Bvar op 1) gavg T m

2 1
Bvar Bref Bvar
CBvarzn z(Agvar X) ! _{I 6[(CBvar2n 2AQ’Var )X}}gangm

(H-34)
Eo _ pEo _ Eo Eo
Brumzn = Bvar o, ™ Rvar on_o 2\lvarzn o, Tm~ Azn (Vvarzm —varzn—z)Tm
+2('A2I'l_ l )gavg Tm

_ E Bvar Bvar Bref Eo
-2vE Tm+2CE%, 2{(Agvar ><)+(Agv ) }I —2vEo T

Bvar Bref
_ZCBvarzn 2(Agvaf X)'—

1 ~Eo Bvar Bvar_\%, Bref
_3{ | — 18 = Chvar 2n_2(Agvar )(C Bvar on_ 2) CBvar o2 (Agvar X) |
1 Bvar -1
{ 6 &Cee Bvar 2n- Z(AQVaf )(C Bvar 2n- 2) gavg Th

2 1
Bvar Bref Bvar
= CBvarzrl 2<Agvar X) l— +{| 6[(CBvar2n 2Agvaf )X}}gavg-rm
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Forn=0:

Eo _REo _oyEo _ Eo _yEo
Bruman-1= Rvaron ™ Rvaron2 ™2 Yvargn 2 Tm Azn‘l(\lvarzn \lvarzn-z)Tm

+2( Aon-1— I ) ga\?g
E Bvar Bvar Bref E
_2Vre? Tm+2CBvar 2{(Agvar x)""(AQv ) }l -2V, O Tm
Bvar Bref
-2 CBvar » (AQvar ><)I_
I Bref

1 1 Bvar 1Bvar Bvar L
_Z{I _ECBvar 1(Aa )(CBvar 1) }CBvar 2[(Aavar Ay )X} Tm

Bvar
_{ 6|:(CBV8.I’ 1 avar )x}}gangm

1 Eo Bvar Bvar Bref 1 Bvar
-2 CE0 | (A B - AaB x| 1B 1+ 6[(05"‘” Ay )x} 95 T4,
(H-35)

Eo _ pEo _ Eo Eo
Bruman = Riar on ™ Rvaron-2 ™2 Yvarono Tm ™ A2n (Vvarzm \ivarzn-z)Tm

+2(A2n_|)ganTm
E B B Bref E
=235 o205 | (302 + (2B 1 -2v 7o
Bvar Bref
ZCBvar Z(Ag x)l

var -
i Bvar Bvar
(AQ var ~ A% )X}

3|, _1 Eo Bvar 1 Bvar Bvar\, |%| |, Bref
__[I 12 CBvar z(Aa )(CBvar 2) ZCBvar 2 1 [(A var T2A% gy ) J !

18 +> )
()

|_l (A Bvar ) -1 gEo
GCBvar 2 Lvar CBvar 2 Zavg Tm

3 B B Bref _, B
_ZCBvar 2[(AQ v;\/rar_AQv::\/rar)X}l_ r 6[(CBvar 2 av;\/rar)x} gavg Té

Note: Second order termsin (H-35) are neglected. If second order terms were included,

(Ag\?é‘l’rar )(Ag'gg’rar ><) products would appear which are too difficult to explain. For simplification, this

article only carries the highest order (Agggrar ><) or (Ag'\?g’rar ><) products.
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Forn=1:

— pEo Eo —2VEO

Eo Eo
= _ — V
Raron ™ Naron_2 ™ “Yvaron 2 TM A2n—1(

Brnumon_1 ~vargn -—var 2n—2) Tm

+2( Aon-1—| )95\99 T%

2
_ Eo Eo Bvar Bvar Bref Eo

. [(Aa.Bvar +Aanar)X}_(Aanar X)[(Ag.\?g/rar +Angar)X} .

= var =var =var var
~ Chvarg +%[(AQ'Egrar+AQ\|/3grar )XT !
(a0 -aal® )~
-ﬂ' S (e x)(CESarl)_l} Chwo]  +5(aelm)” P (-3
(a8

1 _Eo \Bvar Eo -1 Eo +2
_[H_ECBvarl(Agvar ><)(CBvarl) gangm

_ Eo Bvar Bref  ~Epo \Bvar Bvar Bref
~2CBvaro(AQ var x)l_ CBvaro Ao FAXy )X |

1 E Bvar Bvar Bref 1 E \Bvar Eo--2
~ 5 CEO o | (A — s )x 12 I+E[(CB\(/)ar1AQvar )x} gfoT3,

3 E Bvar Bvar Bref 1 E Bvar Eo--2
:ZCB\(/)aro[(AQ var ~ A%y )XJl- - I+g[(CB\9aroAQ var )X} 97°Th

(Continued)
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(H-36) Concluded

—pE0 _pEo  _oyEo0 _ Eo _yEo
Bruman = Bvar on ™ Bvar o2 2\lvalrzn—z-rm AZ”(\—/varzm \lvarzn—z)Tm

+2(Aon—| )95\% Th

2
_ E E Bvar \Bvar Bref E
_Zyre(f)OTm-i_ZCB\(/Jaro{(AQ var X)"'(AQ var X) }I- _Zyre?o-rm

B B (B B B
y [(Aa Var L Aa var)x} (Aa Varx)[(Ag V& L Aa Var)x} o

& var Lvar Lvar var Lvar
~Cpvarg +%[(AQ'\',3§’rar+AQE§rar )XT !
(e -aal® )~
el o i Jetef o

laa)
o[- Y (Bt a7

= 2CF% oA O X1 7 —CE0y | (A B + aay™ ) 1

G OB (o -0 )<]1 - [ B0 035

1 E Bvar Bvar Bref 1 E Bvar E 2
= CBio| (3 7 -y 1% {1 - (OB 205 ] 95 Th
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Forn>1:

—pEo _pEo  _9oyEo0 _ Eo _y/Eo
BnumZn—l_— aron  —varaon-2 2\1V3F2n—2Tm Azn_l(\ival’ 2n \iVaTZn—Z)Tm

+2( Agn1—| )QE\% Th

Eo Bvar .Bvar Bref Eo
=2vrQ Tm+2CES, 2{(Agvar x)+(AgV )}I ~2V2 Thy
Bvar Bref

2CBvarz 2(Agvar X)l—

1 1 \Bvar -1 Bvar_\2 | Bref
_E{l 6CBVar2n 1(AQV )(CBvaan 1) 2CBvarz Z(Agvar X) |

1 Bvar Eo
_{| 6[(ch&an Ao )x} 95 T4,
2 1
\Bvar Bref Bvar
CBvarzn 2(AQ var X) ! _{I 6[(CBvar2n 1Aa var )X}}gangm

2
\Bvar Bref Bvar
CBvarzn 2(AQ var X) ! { 6[(CBvar2n 2 A var )X}}gavg-rm

(H-37)
Eo _ pEo _ Eo Eo
BnumZn —varzn —varan-2 2\1\/&, 2n- 2Tm A2n (VVaf om  —var 2n—2) Tm
+2(Agn—1) gEo T

Zavg
—2vEo Eo \Bvar Bvar, \“ || Bref Eo
_2\1refon+2CBvar2n_2{(Ag var ><)+(Agv ) }I 2V Tm
Bvar Bref
-2 CBvarz 2(AQ var X)I_

3 Bvar -1 Bvar 2 Bref
_E[ _ECBvaan 2(Aa )(CBvarzn 2) 2CBvar2n 2(AQ var X) I

1 Bvar
+{I 6[(CBvar2n 2% var )X} oy Th
2
Bvar Bref \Bvar
N_CBvarzn 2(Agvaf X) ! +{ 6[(CBvar2n 2 A var )X}}gangm

Summary of (H-31) — (H-37) Results:
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Forn<-4:

_ Eo+2 _qnEo
BnumZn_l__g Tm Bnumzn_g

Forn=-4:
1 Bvar Bref 1 Bvar
Brumzn-1= 5 Chvar oA 1B 6[(char L hady )x} 920 Th

Bvar Bref
Bnumzn ZCBvar 9(Agvar X)I— g

avg
Forn=-3:
2 1
_ Bvar Bref Bvar Eo +2
Bruman 1 CBvar 8(AQ{V@1Ir X) ! _{I +E[(CBvar -8 Al )X}}gangm
2 1
Bvar Bref Bvar Eo -2
Brumzn = CBvar 8(Agvar X) ! +{| g[(CBvar _gA%yar )X}}gavg-rm
ForO>n>-3: (H-38)
_ Bvar Bref 1 Bvar Eo -2
Brumzn-1 CBvar2n Z(AQ’var X) I { +g[(CBvar2n Ay )X]}gavg-rm
2 1
Bvar Bref Bvar Eo -2
Bruman = CBvarzn Z(Agvar X) I +{ g[ CBvar2n 2 Alyar )X}}gavg-rm
Forn=0:
Bvar Bvar Bref 1 Bvar Eo -2
Bruman-1 = 4CBvar 2[(AQ var ~ A%y {I +g Bvar ZAQ\,ar )X:l}gavg-rm
3 Bvar Bvar Bref 1 Bvar Eo +-2
Brumon =~ 4 Cover | (8a B - aal . g CcEo, Aoy )x] 950 T
Forn=1:
3 Bvar Bvar Bref Bvar Eo -2
Bruman-1= 4CBvaro[(Ag var A%y ! + BvaroAg var )X:| ganTm

1 \Bvar Bvar Bref 1 E Bvar E
Brumpn = CBvaro[(Aavar — Al oy )x}l_ + I—_[(C 0 Ao )x} gao

Forn>1:
2 1
- Bvar Bref Bvar Eo +2
Bnumzn 1 CBvaan Z(AQ var X) l- {I + 6[(CBvar2n_2 Aa var )X}}gavg-rm

2 1
Bvar Bref Bvar Eo +2
Brumon =~ Choaron2 (A2 v X | +{ 6[(CBvar2n 2 A% var )X}}ga"ng
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Finding Specific Force Avaar And ApB&
ar 2n-1 var2n

Bvar Bvar

Bvar Bvar .
and Brumpn_1+ Bruman from (H-38) into the(H 1) Avvarz N AQVﬁon formulas;

Specific force AV, and AV

Forn<-4:
Bvar
AQvar on—1 Bdenzn 1 BnumZn—l (CBvar 9) gavg Tm
-1
Bvar _ Eo
AQvarz Bden2n Bnumzn (CBvar 9) gangm

(H-39)
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areobtalned by substituting |3den2 oy Bdenz from (H-10)



—|(Ax

m

Z(AaB «

=var

1

-l

=var

-1 1
Eo
(CBvar 9) 9 Tm__(

Bvar

Bref

E(Aanar
2

=var

2 (AgBvar ><)

_var

7

_E(AQ

Bvar

var

=var

Bvar
yar

2(AOthar

)} (CBvaf 9)_1

Bref

Forn=-4:

Bvar
AQV&UZn 1 Bden2n 1 Bruman-1

2 C Bvar _g

(CBvar—g)_l{l é[(CBvar oA

1

Bvar
( X)( Bvar -9 avg
Bvar

-1
avg

-1
) Bvar 9
1 Bvar
12 (Aa ( Bvar 9)

-1 l

1 ( A Ba\‘/rar
ay,

1 Bvar
_{l 6[(CBV&V o\ var

Bvar
Zvar

|
x) = —

)X}} 95\?9 Tm

)x}} 958 Tm

Bvar )(CBvar 9)

-1

g=o

=avg

-1
Bvar
(CBvar g) gangm 12(A0{ )(CBvar 9) gangm

|_Bref 1 Bvar -1
X)ﬁ {I"'_(Aavar ) (CBvar 9) ganTm

12

Tm

Bvar _
Al—)varz Bdenzn Bnum2n

| Bref 11 Bvar -1
13- 5 e

-1
Bvar Bref Eo
)}(CBvar 9) { ZCBvar 9(AQ’V )'— +gavg:|

| Bref o \1,E0 . 7 Bvar -1
b g i

| Bref 7 Bvar -1
9 - e

oL

Tm

Bref -1
1.1 Bvar
[l _(Z 5)(Agvar )}(CBvar 9) gangm

(H-40)

Tm



ForO>n>-4:

Bvar _
AQvarz -1 Bden2n 1 Bruman_1

(1L aa2 ) (B

Bvar 2|Bref
e
Tm

1 Bvar
_{l 6[(CBvar2n 2 A var )XJ gangm
2|Bref -1 1
Bvar Eo Bvar Eo
(Agvar X) Tm _(CBvaan_z) {I 6[(CBvar2n 2A0{ )x}}gavg-rm

1 Bvar -1
+E (Agvar )(CBvarzn 2) gavg Tm

CBvar 2n-2

2|Bref -1 1 1 -1
Bvar Eo Eo Bvar
=(aal) (OB @ o 55 (A0 <) B o) 955 T

Bvar T Bvar Eo

(AQ"” X) Tm {I (2 6J(Agvaf ) (CBvaFZn 2) Javg Tm
(H-41)
Bvar
AVar pn = Bder12n Brumgn

2|Bref

Bvar !

CBvarzn 2( Lyvar X)

_ 1 Bvar Eo -1 Tm
- _{I _E (AQvar X)} (CBvar 2n—1)

1
+{I 6[(CBvar2 ZAa\?grar)x}}gEon

Bref _
z(Aanarx)z—l' r —(CEO ) g (c Aanar)x ge0 T
Cvar Tm Bvar on-1 6 Bvar on—2 —=<var Zavg ' M
1 Bvar -1
+§ (AQvar )(CBvaan 1) gangm

2 | Bref -1 1 1 -1
Bvar Eo Eo Bvar
(Agvaf X) Tm (CBVWZH—l) gavg Tm"{g"’gj (Aa )(CBvaan l) gavg Tm

2| Bref 1 1 -1
Bvar L Bvar
(A_var x) Tm {I _[E GJ(A Pvar ) (CBvaan 1) gangm
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Forn=0:

Bvar —
AQvarz -1 Bdenzn—l Bruman-1

1 Bvar Bvar Bref
1 Bvar -1 _ZCBvar 2[(Aavar AO( )X}l‘
:P—E(Ag\,ar )}(CBV{;‘r ) ) .
ni 6[(CBvar 2P )X} g T

Bref
- _1[(Aa.8var _Aanar)X}l_
4

Tm

var Qyar
Tm

-1 1 Bvar 1 Bvar B
(CBvar_z) {I 6[(CBvar -2 Al )X}}ganTm Z(AQV )(CBvar_z) gangm

. (A Buar _ Bvar)>< |Bref -1 gEo
T\ TR )Xy ~[Colrs] GagTr (H-42)
1 Bvar Eo 1 Bvar -
_E(CBvar 2) [(CBvar A%y ) }g Tm +2(A Xyar )(CBvar 2) gangm
ef -1
_ 1 Bvar Bvar |Br Eo
~_Z[(Agvar — Ao )x} T (CBvar 2) ganTm
1 -1 -1

Bvar Eo 1 Bvar Eo
G(CBvar 2) CBvar 2(Agvar )(CBvar 2) gangm+2(AQV )(CBvar 2) gangm
ef -1
1 Bvar Bvar |Br Eo
z—z[(Aavar ~AaB )x] — (cBVar 2) 9T

1 Bvar -1 1 Bvar -1
_E(Agvar )(CBvar 2) ganTm+2(A )(CBvar 2) ganTm

1 \Bvar Bvar | Bref 1 1 Bvar -1
_—Z[(Aavar ~ e )x}—Tm 155 Jlae ) (cE% ,) 959 Tm

(Continued)
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(H-42) Concluded

Bvar _
N BdenZn Bruman

3 \Bvar Bvar Bref
1 -1 _4CBvar 2[(Agvar ~Alyy )X}I—

=- I——(AO{BV‘"‘r ) cE
2\ —var Bvar -1 1 Bvar Eo+2
+91 = 6[((:8\,6‘r Ay )x} 9" Th

3 | Bref
.Bvar Bvar ) v
4 C Bvar -1 Bvar -2 Qyar Tm

-1

-1 1 Bvar Bvar Eo
(CBvar 1) {I 6|:(CBvar -2 X angm+ Ay )(CBvar 1) gangm

3 Bvar Bvar |_ -1
=2 [(AQ var — Ay )X} T (CBvar 1) gavg Tm

1 Bvar -1 1 Bvar -1
+E(AQV )(CBvar 1) gavg Tmt Z(A var )(CBvar 1) gangm
1

ef
3 Bvar Bvar |_Br 11 Bvar
:Z[(Agvar - Ao )x} —1-375 (a2 x) ((CE% ) 95 Tm
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Forn=1:

AD Bvar

=var 2n-1 Bdenzn 1Bnum2n—1

3 Bvar Bvar Bref
4CBvaro[(Aa var AO‘ )X:|I_

1,1 Bvar )_1
- [I Z(AQ var )}(CBvaro 1 Bvar Eo 2
_ [(charoAa Bv )x} 950 T3,

3 Bvar Bvar |Bref g Bvar B
zz[(Aavar —AaB" )x]—T +§(Agvar )(charo) 950 Tm

m

-1 1 \Bvar
(CBvaro) { 6[(CBvaroAa var )X}}gavg-rm

ef -1
3 Bvar Bvar | Br 1 Bvar
~Z[(Aa — A )x} - +E(Ag var )(CBvaro) gangm

- var
-1

m
(CBvaro) QE%T _% a.\llaa/rar )(CBvaro) gangm
=§[(Ag'§g’r"’“—m5""’“ { A3V )}(CBVHO) 195% Tm

(H-43)

Bvar _
AQvarz Bdenp_n BnumZn

1 Eo Bvar Bvar Bref
4CBvaro[(AQ var ~A%r )X} !

_ 1,1 \Bvar )_1
- [I E(AQ var )}(CBvarl 1 Bvar Eo +2 'Tm
- 6[(CBvaroAavar )XJ ganTm

1 (Aa.Bvar A()(Bvar)>< |Bref +1(Aa.Bvar ) g
Tm 2 = var CBVar;|_ anTm

== var
-1 1 Bvar
(charl) {I 6[(charoAavar )x}}gangm

ef -1
_ 1 Bvar Bvar |_Br 11 Bvar
__[(Aavar — Aoy )X}—Tm —| - §+E (Agvar ) (CBvarl) gangm
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Forn>1:

Bvar _
A—var 2n-1 Bdenzn 1 BnumZn—l
2
Bvar Bref
1 \Bvar -1 CBvar 2n-2 (AQ var X) !
:{l _E(AQ var )}(CBvarzn 2) 1 Bvar /Tm
_{ 6[(char2n Ao )x}}gangm
2| Bref -1 1
_ Bvar ! Eo Bvar Eo
= (AQ var X) Tm _(CBvarzn_z) { 6[(CBvar2n 1A0{ var )X}}gavg-rm
1 \Bvar -1
+E(AQ var )(CBvaan 2) gangm
2| Bref 1 1 -1
_ Bvar L . - =+ Bvar
2t S
(H-44)
Bvar
AUvarz - Bden2n Bnumzn
2
Bvar Bref
1 Bvar -1 CBvarzn Z(AQ var X) l
=— 1 _E(AQ var ) (CBvaan_l) ITm

1 Bvar
+{| 6[(char2n L Aa'Sy )x}}gangm

Bref _
(Aa.Bvar )2| ' (CEo ) 1 | — 1 (C AO{.Bvar)>< gEo T
£ var Tm Bvar on—1 6 Bvar 2n—2 var Zavg ' m
1 \Bvar -1
+§(AQ var )(CBvarzn 1) ganTm

2) Bref 11 -1
. Bvar ! Bvar
- (per™] Tm {I _(5 GJ(A“ ) (C8% J %y Tm

Summary of (H-39) — (H-44) Specific Force Results:
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Forn<—-4:

-1 -1
Bvar _ Bvar _
Vyvar on-1_ (CBvar 9) gavg Tm AUvarz (CBvar 9) gavg Tm

Forn=-4:
Bref 1
Bvar _ 1 Bvar \ | 1 1 Bvar
AQV&FZn—l_E(Agvar X) Tm _{l (Z_ 3 (Agvar ) (CBvar 9) gangm

Bref -1
Bvar _ 1 Bvar |_ 1 1 Bvar
AQV&I’Zn_E(AQVar X) T {l —(4 3 (A Xvar ) (CBvar 9) ganTm

ForO>n>-4:

2| Bref 1 1 -1
Bvar Bvar, \“L _ + <+ Bvar
AV or 2n-1 (A—Vaf X) Tm {I ( 2 GJ(AQV ) (C Bvar on- 2) gavg Tm

Bref -1
Bvar Bvar | 1.1 Bvar
AQvarz (AO( ) Tm _{I _(§+Ej(Agvar )}(CBvarzn 1) gavg Tm
0

Forn=

Bref -1
Bvar _ 1 Bvar Bvar |_ 1 1 Bvar
AQvarzn_l__Z[(AQ var — A%y )X} Ten _{I (E_ 6 (A ) (CBvar 2) ganTm

Bvar _ 3 Bvar Bvar | Bref 1 1 Bvar -1
Ayvar2n24[(A“var A )X}Tm _{I_(Z GJ(AQ )}(CBVE‘T 1) gangm (H-45)

Forn=1
A [ e (R R | WA
Aylvgavrazrﬁ—ﬂ(Ag'ngrar —AQszYrar)X: l‘:r: {' —(%%}(AQ'%&“ )}(CBvarl)_lgangm
Forn>1:
Av\?;/razr . (AQI\?a\./rar ) I_:r: —:I _e_éj(Ag.\%ar )}(CBvarzn 2) QE%Tm

2| Bref 1 1 -1
Bvar \Bvar 1Bvar
Ayvarz (A_ var X) T _{I - (E 6J(A var ) (CBvar 2n 1) gavg Tm

-1
Recognizing that the inverse of a direction cosine matrix equals its transpose, the (CBvar )

termsin (H-45) become CE‘(’)ar , generating (49) in [1].
n
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VELOCITY DETERMINATION

Approximating gravity for test example conditions as the constant g 0 veloci ty from (3)
with m=2n becomes at time instants m-1 and m:

Eo Eo Bvar Eo
—var2n-1 \lvar 2n— 2 Bvar 2n-2 Gwar 2n- 1 Yyar 2n—1Jr gavg
Eo Eo Bvar , ~Eo (H-46)
\lvar 2n \lvar on-1 C Bvar on-1 Gwar 2n AQvar on gavg Tm

With initial velocity at \1:50 (H-45) for AvSY®" specific force, (32) for c50, attitude, and
(33) for Gyyar » (H-46) becomes to first order accuracy for velocity

Forn<-4:
—\I/Ea(l)’zn_lz\l\llza?Zn_z Bvar2n 2GVV&r2n 1AQ\?E;/ra2rn_1 gangm
_!Fe(f) _CBvar 9I (CBvar 9)_1gEon+9Eon VFe?O (H-47)
\l\llza?'zn:\l\llza?’zn 1 CBvarzn 1GVV81’2n Aysgrazr ganTm
\irEe? ~CBorpn 4! (cavar 9) 1QEOTm+ ganTm—ere?O
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Eo

—var2n-1 -

=V oo

Forn=-4:

Eo

=V <0

AUBvar + gEo

—var2n-2 CBvarzn zGVVaf 2n-1""2var on-1 avg

Avaar + gEo

—var_g —var 10+CBvar -10 Gwar -9~ 2var_g avg

1
2

4 3

—vE0 4 = (Eo (Agva/rar ) - (
m

_vEo l Eo
_\lrefo + 2 CBvar
Eo
—Vval' 2n

Eo
_\lref t5 2 CBvar

Bref
1 Bvar _\ |
+CBvar_g{2(A—var x) -1

2

m

Eo _VEo

(Angar x) L-;B_ref

laalr ) g

Tm

CBvar 9(AOKBvar )

_vEo Bvar |_
\lref +CBvar g(Agvar X) T

Bvar |Bref 1 Bvar
(Ag X) _T _ECBvar 9(Aa )(CBvar 9) gangm

5 oalr)

—refg Bvar -9 -1 —avg
_[| _(E_EJ(AQ\I/BVN )}(CBvar 9) gEo.l.m

11
4 3

1

1

| Bref

Tm

Bvar -1
jCBvar g(Aa )(CBvar 9) gang

-1

Bvar + gEo

T —var_g —var_g + C Bvar g Gwar -8 Avvar 2n avg

-1

Bvar
12CBvar 9(AQV )(CBvar 9) gangm

Bvar
(Agvar

+9E

=avg
Bvar Eo
Lvar Bvar 9 97 Tm

-1

Bvar
o _ECBvar 9( Lvar )(CBvar 9) gangm

-1
_(%""%j(AQ\?a/rar )}(CBvar 9) gavg-rm}

-1

Eo
(CBvar 9) 9 Tm+gavg

Bref

m
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(H-48)

0 Tm



ForO>n>-4:

Eo _vEo Bvar Eo
\lvarzn_l_—varzn_z Bvarzn ZGVvar 2n- 1 var2n 1+ gavg
E Bvar |Bref
_\y Eo !
\lref +CBvarzn 3( Lvar X) Tm
-1
1 Bvar 11 Bvar ( )
CBva1r2 2[' +§(Agvar X)}{l _(5_6 (A Xyar ) CBvarzn 2 gangm"'gavg
Bref -1
Eo Bvar _\ | 1 kg Bvar ( ) Eo
"'\iref CBvarzn 2(Agvaf ) Tm 2CBvar2n-2(AQV ) CBva!rzn 2 9 Tm
1 1 Bvar )_1
CBvar2n 2[ (Z_EJ(AQvar ) (CBvaIZn 2 gangm
Br -1
Eo Bvar \ - 1 E Bvar ( )
_\lref +CBvar2n Z(Agvar X) Tm 6CBvar2n z(Aa )CBvarz 2 gangm
(H-49)
Eo _\/Eo Bvar Eo
—varzn_—vaan_1+CBvar2n 1GVVaf2nAvvar2 + gan

Eo ovar 1B 1 g A g Bver )( )‘19 T
V +CBvar2n Z(Aavar X) T _ECBvarzn 2( Xyar CBvaan 2 avig ' M

1/, Bvar 11 Bvar ( ) ! Eo
CBV&I‘Z 1|:| +§(Agvar X):l{l _(§+g (Agvar ) CBVEll’zn 1 g Tmt gan

Eo Bvar |_Bref 1 Eo (A Bvar )(C )_19 T
z\ir +CBvar2n 1(Agvaf X) Tm _ECBvarzn 1\~ Bvar 2n-1 ag ' m

1 ( APV ) cEo )‘19 T
_ECBvar on-1\2%var Bvar 2n_1 avg ' M
11 Bvar ) -1 Eo
CBV&FZn—l{ (2 GJ(A(Z )}(CBVGYZn 1 ganTm

E Bvar )\ | oref
0 M
_\lref +Cpy Bvar 2n 1(Agvar X)

Tm
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Forn=0:

Eo _VEo _VEo Eo

Bvar Eo
= = +
Varon-1= Yvar .1~ Yvaron_a T CBvar an2 Cwar ng A2 9 Tm

varon-1  =avg

_v/E0 Eo Bvar Eo
- \lvar ) +C Bvar _2 Gwar —1AQvar -1 + gavg Tm

E E Bvar 1B
_vEo 0 !
- \lrefo +C (Agvar X)

Bvar -3 Tm
1 Bvar Bvar Bref
1. g (e - aalg x| .
E var 0
+ CB\c/)ar 2n_2|:| +E(Agvar X)} 1 1 B E -1 E +gavg Tm
— 1= === (Ao x)[CR2 g-0 T
2 6 Lvar Bvar_2) Zavg 'M
Bref -1
_\E Eo Bvar |_ _1 Eo Bvar EQ Eo 2
~\lre?o +CBvar_2(Agvar X) Tm ZCBvar_z(Agvar ><)(CBvar_z) gavg Tm
1 1 1 -1
E \Bvar Bvar Bref Bvar Eo Eo
it Yoo -sa (3 Dfonte et o)
Bref -1
_wEo .1 Eo Bvar . Bvar\_|l" 1 Eg Bvar ( Eo ) Eo
_\lrefo +ZCBV6W—2[(5AQV3Y AL var )X} Tm GCBVaf—z(AQVaf X) Covar_p) JaygTm
(H-50)

Eo _\/Eo _\/Eo Eo Bvar Eo
\lvar on \ivar o \ivar zn_1+ C Bvar 2n-1 Gwar 2n AQvar 2n + gavg Tm

_\s/E0 Eo Bvar Eo
- \lvar_1+ CBvar_l GW/varo AQva_ro + gavg Tm

Bref -1
Eo .1 E Bvar Bar\ ]! 1 kg Bvar Eo EQ2
:\lre(f)o +ZCB\(/)ar_2[(5AQvar AL \ar )X} Tm 6 Bvar_z(Agvar X) CBvar_z 9" Tm

3 Bvar Bvar Bref
Z[(AQ var — Ay )x}l

1 !
E Bvar Eo
+CB\9ar_1 I +—(Agva\l/r X) 1 1 -1 +—avg
2 ~ I_(_Jr_](Aanarx) (CEO ) gEor2,
2 6 —=var Bvar _1

Bref -1
_vEo . 1 _Eo Buar . Bvar\_ ]l 1 g Bvar = ) E0 2
~\ire?0 +ZCBvar _1[(5Agvar Al v )XJ Tm 6CBvar _1(Agvar X) Chvar -1 gavg Tim

N= B E 1 E 3 E Bvar Bvar\ .|, Bref
_EC B\(/)ar _1(AQ‘V<3\1/rar X) (CB\(/)ar _1) 9 0 T%W + ZCBSar_l[(AQ var ~ A%y )X I

11 -1
E Bvar Eo Eo +2
+C B\(/)ar -1 (E + Ej (Agvar X) (CBvar_l) Yavg T

Zavg

E 1 E Bvar Bvar |Bref
— 0 = 0 ' =
_\lrefo + ZCBvar_l[(AQvar +AL \ar )X} Tm



Forn=1:

Eo

Eo _yvEo _yEo
v v Bvar on-2

—vargn-1 —vary —varap-2

E
+C Gwvar o 1 AUy +9°0 Ty

Zvaron-1  =avg

=VE0 +CEO vaarlAUBvar+gEo Tm

=—var o Bvaro =var1 Zavg
Bref
_yEo +1 Eo (Aa'Bvar+Aanar)>< L
— —refy ZCBvar_l = var Zvar Tm
Bref
3 \Bvar Bvar |_
_[(AQ var ~A%yar )X}
Eo | 1 Bvar 4 Tm +9EOT
CBvaro E( £ var ) 1 Zavg I'm
- 11 (Aa.BvarX)(CEo ) gEoT
2 6 = var Bvarg/ =

Bref -1
1

~vEo +£CEO [(AQ.Bvar_‘_AQBvar)XJ'_T _=cEo (Aa.BvarX)(CEo ) gEo T

0 m

2 Bvaro\—= var Bvarg/ =Zavg

Bref -1
3 E B Bvar). ]! E 1 1 Bvar Eo Eo
+=Ccgo [(Agvgrar_AQvar )X:|—Tm +CB\(/)aro E_E (Agvar ><) CBvaro gangm
Bref 1

-1
E B Bvar |_ Eo Bvar Eo Eo
=VEo +=cEo [(5AQ Aoy )X} T _ECBvaro(AQvar ><)(CBvaro) Gavg Tm

(H-51)
Eo =V Eo =V Eo +C

—varon —var2 —varop-1

Eo

Bvar Eo
Bvar 2n-1 GVvar 2n Av +9 Tm

Zvaron | Zavg

_vy/E0 Eo Bvar Eo
_\lvar1+ CBvar1 Gwar 2 AQvar 2 + gavg Tm

Eo 1 Eo Bvar Bvar |_Bref 1 Eo (A .Bvarx) Eo _1gEoT
:\irefo +ZCBvaro[(5Agvar ~ Ay )X Tm _ECBvaro & var Chvarg Zavg ' M

1 |Bref
_ZRAQ.\E/E;‘/rar _Agsg/rar)x} _T

: +9°0 Ty
11 \Bvar Eo \ ~Eo

{' —(EJFEH(AQ var X)(CBvarl) 9" Tm

1
Eo = Bvar
+ CBvarl{I + Z(AQ var X)} =avg

Eo .1 Eo 5Ag'BYa _ Ao BYar |_Bref _l Eo (A Bvar x) CEo )_1gEO T
z\lrefo +ZCBvar1 ( Ad'var — Al )X T GCBvarl & var Bvary/ Zavg 'M
B

1 ko A .Bvarx) Eo _1gEo T _ECEO (Aa.Bvar_Aanar)XT_ e

_ECBvarl( % var C:Bvarl Zavg ' M 4 ~Bvary| \7= var Lvar Tm
11 -1
Eo \Bvar Eo Eo
+CBvar1 (§+gj(AQ var X)(CBvarzn_l) gangm
Bref

_\v/Eo0 Eo \Bvar )l_
_\iref T CBvarl(AQ var X
0 Tm
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Forn>1:
Eo _yEo Bvar
—varon-1_ \lvar on—2 C Bvar on—2 Gwar 2n—1AQvar on— 1+ g avg

I Bref

Eo Bvar
=V, +CBvar2n S(AQ var X)

2] Bref
B ar,
(AQ vzzllr )
+C | +1( .Bvarx) g T
BVaan 2 2 = var 1 1 =avg m
I o (M
2 6 var 2n— 2 =
Bref -1
_vEo Bvar )| 1 E Bvar ( )
Ve +CBvar2n 2(AQ var X) Tm 6CBvar2n 2(A0‘ ) CBvarzn 2 gangm
(H-52)
Eo _y\/Eo Bvar Eo
—vargn —var2n— 1+CBvar2n 1GVvar2nAvvar2 + gavg
Bref -1
Eo Bvar |_ 1 Eo Bvar Eo
\iref +CBvar2n 2(AQ var X) Tm _ECBvarzn—z(AQV )(CBvaFZn 2) Gavg Tm
.Bvar
1 Bvar (AQ var ) E
il ! 0
* CBV&T 2n—1{I * z(AQ var X):l gavg Tm
i Y 1+ 1 .Bvar EOT
2 Bvar 2n—1 =

B -1
Eo Bvar )| _ l Eo ( :Bvar ) Eo
V + CBvarzn 1(AQ var X) Tm 6 CBvar 2n-1 Aa var C:Bvar on—1 gavg Tm

Bvar -1
AQ’V )(CBvarzn 1) gangm

1.1 Bvar -1
+CBvar2n 1(2 GJ(AQ )(CBvarzn 1) gangm

E Bvar |Bref
— 0 ! =
\lref +CBvar2n 1(AQ var X) Tm

2 C Bvar 2n—1(

Summary of (H-47) to (H-52) Velocity Results:
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- Eo Eo Eo _\/Eo
Forn<-—4: Vvarzn_l —refq \ivaan_\lrefO

Forn=-4:
-1

Eo Eo Bvar |Bref 1 Bvar
Viar_ :—refo+_CBvar 9(A—Var X) Tm _ECBvar 9( Pvar )(CBvar 9) gangm

I Bref

Eo Eo Bvar J\ !
\lvar -8 V +CBvar 9(Agvar X) Tm

ForO>n>-4:
-1

L cE (A Bvarx)lBref _}CEO (A Bvar )C g
Bvar2n 2 a 6 ~Bvaron-2 Qyar Bvar on_2 angm

Eo Eo
\ivarzn 1 \lref
I Bref

Bvar

Eo _+\,Eo ( )_
\lvaan_\lr +CBvarg 1Agvar X Tm

Forn=0:
|Bref

Eo Eo 1 Bvar Bvar L
\lvar -1 \ir +4C:szar 2[(5A“ A&y )X}T—m
-1 (H-53)

1 Bvar
Aa )(CBvar 2) gangm

_ECBvar 2(
Eo Eo Bvar Bvar |Bref
vEo —vEo +2char 1[(Aavar + AP )x} —

Forn=1:

1
Eo _\/Eo0 1 Bvar Bvar Eo
\Y —\lrefo +ZCBVNO[(5AO‘var — Ay ) J T _ECBvaro TAVevan )(CBvaro) gavg

Eo Eo
\lvarz Vrefo +CBvar1( 2 var

Forn>1:

Eo  _yEo Bvar \LT 0 1 g ( Bvar )
\lvaan_l_\irefo +CBvar2n Z(AQ var X) Tm GCBvaan 2 AQ var CBvarzh 2

-1

ng

Zavg

E E Bvar )\ 157
0 0 1 L
=var 2n _\lref CBvar2 1(AQ var X)

Tm

1
Recognizing that the inverse of a direction cosine matrix equals its transpose, the (CBvar )

termsin (H-53) become CE\(/)ar , generating (50) in[1].
n
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POSITION DETERMINATION

Approximating gravity for test example conditions as the constant g , posm on from (4)

with m=2n becomes at time instants m-1 and m:

Eo _ pEo Eo Bvar 1 Eo -2
Riarona = Ruaron_a T Yvaron o Tm™* CBvaan 2 GRvar2n-18%r 50 1 TM+ 5 Javg T s
Eo _ pEo Eo Eo Bvar
—varzn — ar2n—1+\lvar2n—1Tm+CBvarzn—leRvaan Vvargn Tmt 5 gavg

Initializing R EO , position i.e, REC  )for n<— 4 derivesdirectly from (37) with

ar 2n-2
m=2n-2, and char char P from (32):
. E E
For n<-4: R0~ =(2n-2)VvQ Tm+CBvar N (H-55)

With REC from (H-55) for n< -4, (H-53) for VEO velocity, (H-45) for ApBV

ar on—2 Zvar

specific force, (32) for CE\(/)ar attitude, and (33) for Gryar » (H-54) becomesto first order
accuracy for position:

Forn<-4:

Eo _ pEo Eo Eo Bvar
—varan-1  —varan-2 Viar an-2 1 mF Cvar on_o GRvar 2n-12%yar ong Tm* 2 gavg

-1
B ) Eo Bref 1 Eo 1,Eo -2
_(2n 2)\1r Tm+CBvar 9| Vref Tm— CB\,aan 22(CBvar 9) galVng g Tm

:(2n—1)\1rEO Tm+Cply_o! B

(H-56)
Eo _ pEo Eo Bvar Eo
Bvaron = Bvaron-1 F Yvarpn g Tm+ CBvar2n 1 CRvar 20 AL —var2n Tm+293\,g
-1
Eo Bref . \/E0 1 14E0 12
(2n 1)V refy Tm+CBvar 9I +V refg Tm~ CBvar 92(CBvar 9) gangme+29angm

_ Eo Bref
- 2n\lr Tm+CBvar 9I
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Forn=-4:

Eo _ pEo Eo Eo Bvar
—var_g —var-io Vvar 10Tm+CBvar_loGRvar—gA =var ng+zgavg

_ Eo Bref Eo
__10\1r Tm+CBvar gl +\—/ref0 Tm

1 (Aanar ) | Bref
1 o \ " =var T

IR ] (== T

_ _ovEo Eo 1/, Bvar Bref
_ 9\1refon+char_9{| 4(Aavar )}I

CBvar -9

11 1 Bvar -1
+2(4 3)CBvar g(Aavar )(CBvar 9) gangm

(Continued)
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Eo
—var-g —var-g —var 9Tm+CBvar_9GRvar_8

+

! I
CBvar 92

_ E 1 Bvar Bref , 1(1 1
--8vEY Tm+CEQ 9{I+Z(Agvar x)}l_ 42 (_

+

2CBvar g( Pvar

+—(AQ{B"‘3‘r X

n 1 cEo (Aanar ><) | Bref
2

(H-57) Concluded

Eo _ pEo

— +V Eo AD Bvar

2
=var 8Tm+ gavg

- _ Eo E Bvar Bref Eo
=-9V 2 Tm+CBvar g[l +4(Agv )}I +V, Tm

11 1 Bvar -1
+E(Z_§)C8var Q(AQV )(CBvar 9) gangm

Ao BV ><) |_Bref _

Bvar 1 Eo
12CBvar 9(Aavar )(CBvar 9) gangm

%(AQE‘;&V X) |_Bref

var )} Tm* avg
1.1 Bvar = 2=
{l _(Z BJ(AQvar )}(CBvar_g) 9 °Tm

3

-1
Bvar
AW ?JCBvar g(AQv )(CBvar 9) gangm

Bvar 1 Eo
Bvar g\~ Z%var 12CBvar 9(AQ’var )(CBvar 9) gangm
1 Bvar -1 Eo
CBvar 96(AQV )(CBvar 9) gavg

Bvar Bref 1(1 1) gq Bvar -1
4CBvar g(Agvar )I— 2[4 3JCBvar_9(AQV )(CBvar 9) gangm

-1
Eo Bvar Bref , 1(1 1 Bvar Eor2
——8V Tm"'CBvar [ +(Agvar x)}l_ +E(___ CBV&I’ Q(Aa ) CBV&V -9 9" T

(A Bvar ) _19 4 (A Bvar ) gEo
12CBvar -9 Lyar CBvar —9) Zawvg Tm C:Bvar -9 21 CBvar -9

4 3

-1
Zvar

6

11 1 Bvar -1
+2(4 3]CBvar g(AQV )(CBvar 9) gangm

_ Eo Bvar Bref
=-8V Tm+CBvar 9[I+(Aa )}I_

Zavg

_ Eo Bref
= 8V Tm+CBvar 8I
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ForO>n>-4:

Eo _ pEo Eo Eo Bvar
Riar an1™ Bvaron-2 ™ Yvar on-2 Tm ™ Covar 2n-2 CRvaran 12 2var on 4 T 2gavg
Eo Bref Eo Bvar Bref
=(2n- 2)V Tm+CBvar2 2I +V, Tm+(:BVaan Ay X |
2| Bref
(30"
Tm

1 1 Bvar
CBvar2n 22{| 3(A—var X) 1
. 11 (A Bvarx) Eo gEo
2 6 Lyar CBvaan_z 97 Tm
+LgEo 12 (H-58)

2= avg
| Bref (Ag\l?g/rar ><) |_Bref

~ _ Eo
~(2n l)yr Tm+CBvar2 2= +C:Bvarz )

Bvar -1
_ECBvarzn 2(AQV )(CBvarzn 2) gangm

11 1 Bvar -1
+§(§_chBvar2n Z(Aavar )(CBvarzn 2) gangm
[I +(Aanar )}LBref

Bref

E

:(2n—1)\1r0 Tm+CBvar2 >
E

=(2n-1)Vv e(f’ Tm+CBvar2n 1|_

(Continued)
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(H-58) Concluded

Eo Eo Eo Eo pBvar ~qEo0
=varon — ar2n_1+\lvar2n_1Tm+CBvarzn_lGRvarzn =var 2n Tm* Zgavg
_ Eo Bref
_(Zn_l)\lr Tm+CBvar2 1|—
Bref
Bvar |_
E CBvar2n Z(Agvar x) T
+\lre(f) Tmt m Tm
6CBvar2n 2\ " =Zvar Bvar2n 2/ Zavg'Mm
2 Bref
1 1 (Agsgrarx) I_T
Bvar m
CBvarzn 12{| +§(Agvar )} 1,1 -1
[l —( ](Aa\%’rar )}(CB ) 950 Tm
2 6 varon—1/ =avg
- Eo Bvar Bref
~2n\ir Tm+CBvar2 1| +CBvar2n 1(Agvar X)I—
1 Bvar -1
6CBvar2n 2(AQV )(CBvaan 2) ganTm
1 Bvar -1
6CBvar2n 1(AQV )(CBvaan 1) ganTm
11 1 Bvar -1 1
t5 (2 BJCBvarzn 1(Agvar )(CBvaan 1) gangm ZganTm

2

_ Eo Eo Bvar Bref
=2nV{0 T+ chaan_l[l +(raly x)}l_

_ Eo Bref
- 2r]\lr Tm+CBvar2 I

72

2



Forn=0:

Eo _ pEo Eo Eo Bvar
Rar_1=Rar " Yaar , Tm* Cayar_, Grvar 1A% 1Tm"‘ gavg

Bref
__ Eo Bref Eo Bvar ) |
- 2\lr Tm+CBvar 2' \—/r Tm+CBvar 3(Aa ) Tm

Tm

var

1 Bvar Bvar | Bref
{I ( Aa Bvar 5 m

CBvar 2 Qyar )}
22 3 1 1 B -1
{ ool d e

Eo 2 -
+= -9 g avg (H-59)

| Bref

Tm

)lBref

Eo Bvar
V Tm—i_CBvar - +CBvar Z(Agvar X

1 Bvar -1
_ECBvar Q(AQV )(CBvar_z) gangm

1 \Bvar Bvar Bref 1 1 Bvar -1
_chvar 2[(A0{ var Aavar ) :|| +CBvar_2 Z—E (AQV )(CBvar_z) ganTm

Bref Bvar Bref \Bvar Bvar Bref
| (A2 x) ] [(Agvar —AaBY )x}l_

Eo
V Tm+CBvar -

CBvar 2 _chvar -2

E Bref 1 Bvar Bvar Bref
~_V g Tm+CBvar 1| SCBvar 1[(A0( var ~ Ay )X}I_
E 1 Bvar Bvar Bref
Vi Tm+Coy 1{| —é[(Aavar — Ao )x}}l_

(Continued)
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(H-59) Concluded

Eo _ pEo Eo Bvar 1
- +V Tm+CBvar ]_GR\/al'oAv\/aron-'_Zgavg

Lvarg ™ Svar_1 | ~—var_1
1
==V Tm+Cpy 1{| —é[(Aa'Egraf Aanar)x}}l_Bre‘c

Bref -1

E Bvar Bvar |_ 1 Eo Bvar Eo Eo

VES Tm+{4cm Jlooadm -aaBe ] Ao, (aaB (o8, ganTm}
IBref

g [(Aa.\?avrar ~ Ao ) x}—_

e [ ([ ek
|1-(3+5 lac2) (o8 ) 0%
CBvar 1{| _%[(Aa.\%/rar Aanar)x}}l_Bref
+ Ch 1[(5Ag5‘var—Ag'5§rar)x}l_Bref —%char (8ef )(cEY, 1)_19angm
_%CBvar 1(Aanar )(CBvar 1) 19E0Tm+:CBvar 1[(Aa'\?a\1/rar Aanar)X}l_Bref

1(1 1 Bvar -1
t5 (2 6JCBvar 1( Lyar )(CBvar 1) gangm

CBvar 1[| +(Aanm )}l_Bref

Bref
CBvaroI
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Forn=1:

Eo _ pEo Eo Bvar
—varq aro+Vvaron+CBvaroGR\/arlAUvarl Tm*3 gavg
_\/EO Bref , 1 Bvar Bvar Bref
Vref Tm+CBvaro| +2CBvar 1 AOﬁvar +Agvar X l_

3 Bvar Bvar Bref
4 [(Aa — A )x}l_

Eo 1 1 Bvar 1 Eo -2
*Chvarg 5 |+_(Agvar X) 1 5% T
2 3 - 11 (A Bvar ) gEoT2 2
2 6 QV CBvaro Tm
E Bref |, 1 Bvar Bvar Bref
=VES Tt By o7 +5CE0 | (A + 20l )x]1 (H-60)

1 \Bvar -1
_ECBvaro(AQV )(CBvaro) gangm

3 \Bvar Bvar Bref 1 1 1 \Bvar -1
+8CBvaro[(Agvar —Agtvar )X}l— 2 2 6 CBvaro(Aalvar )(CBvaan 2) gangm
_\E Bvar Bref 1 Bvar Bvar Bref
~vEo Tm+charo[|+(A By )}I 8charO[(Agvar —AaB" )x}l_

Eo _E \Bvar Bvar Bref
=V, Tm+CBvar1{| 8[(A0’var - Ay )x}}l_

(Continued)
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(H-60) Concluded

Eo _ Eo Bvar —qEo 2
Dvaro ar1 VvarlTm CBvarlGR\/c":lszvvarzTm zgavg

1 B B Bref
=V Tm+CBvar1{| ~5l(ae v!rar—Agfv;!rar)X}}l_ VL Tm

1 Bvar Bvar Bref
4char0[(5Mvar — AoB” )x}l_

1 \Bvar -1 EQ_2
_ECBvaro(AQvar )(CBvaro) 97" Th

[ ey
Xvar % . 14k
1.1 Bvar 2

[I _(E GH(AQ )(CBvarl) gavg Té

- E 1 Bvar Bvar Bref \Bvar Bvar Bref
2V, 0 Tm"'CBvarl{ _g[(A“var — Ay )x}}l +4CBvar1[(5AQ’var — Aoy )x}l_

2
Tm

1 Bvar -1 1 Bvar
6CBvar1(AQV )(CBvarl) gangm GCBvarl(AQV

1
SCE\(/)arl[(Aalear _Aanar

1 1 1 IBvar
+§(E 6JCBvar1( Ly ( Bvar) avg

_ Eo \Bvar Bref
- 2vEo Tm+CBvar1[ (Aa }

-1
)(CBvarl) gavg Tm

Bref

Eo Bref
= 2V Tm+ CBvarzl
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Forn>1:

Eo _ pEo Eo Eo Bvar
Riar an1™ Rvaron-2 ™¥var on2 Tm ™ Chvar oo CRvar 2n 12 %aron 1 T 2 gan

3 E Bref E Bvar Bref
_(2n—2)\1r : Tm+CBvar2 2I \lr ? Tm+CBvar 3(AQVar X)I-

.Bvar Bref
(Aa var ) I_

1 1

EO Bvar 2

+C —| | +=(Acx X:| 3 +=0 T

S +3l02 % (2D ot (et lamona] 2
varan-2) =

var

- _ Eo Bref Bvar Bref
N(Zn 1)\1r Tm+CBvar2n 2'— CBvarn 2(Agvar X)l—

— Eo Bref

(H-61)
Eo _ pEo Eo Eo
—varzn~ — ar2n1+\1varzn_le_"CBvaan_lGR\/aanA varz Tmt gavg

_ _ Eo Bref Eo Bvar Bref
=(2n-1)v 0 Tm+char2n1| +VEo Tm+char2n Z(Agvar ><)I_

—EC (Aa.Bvar ) C _19
6 Bvar on—2 var Bvaron—2) =Zavg Tm

Bvar Bref
(ae 8]

OT2

1 Bvar
(A + 590y Th

Eo 1 | +=
+CBvar2n_12|: +3 Qvar X):| | 1 1 A Bvar -1 EO
== E"‘g ( & var ) CBvaan 1 gangm

I Bref

Bvar X)I Bref

~ Eo
~2n\lr Tm+CBvar2 —1- +CBvar2 _1(Agtvar

1 e (A Bvar ) _19
6CBvar2n 1\ var CBvar2n 1 angm

1 e (A \Bvar ) _19
GCBvarzn 1\ B var CBvar2n 1 angm

1/1 1 \Bvar -1
CBvar2n 12(5 6J(Aa )(CBvargn 1) gangm

Bref Bvar Bref
! * CBvarz —1(AQ var X)l-

| Bref

- Eo
- 2n\lr Tm+CBvar2 -1-

_ Eo
- 2n\lr Tm+CBvar2n

Summary of (H-56) of (H-61) Position Results:
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Forn<-4:

Eo Eo Bref Eo Eo Bref
amnl(zn Dvmem+C&mrd __a2—2anme+C&mrd
Forn=-4:
Eo Eo 1/ Bvar Bref
11 1 Bvar -1
+§(Z_§jCB"ar Sl )(CBvaf 9) oy Th
Eo _ avvEo Bref
=var—-g 8\lr Tm+Cer8|
ForO>n>-4:
Eo Eo Bref )
—var2n-1 (Zn 1)Vre'f Tm+CBvar2 1'— (H-62)
Eo _ Eo Bref
Riaron 2nV Tm+CBvar2n|
Forn=0:
Eo _ _ l Bvar Bvar Bref Eo Bref
RED \=-Vig Tm+ChYy 1{| 8[(Aa Bvar _ 5 B )x]}l_ RE0 =cEo |
Forn=1:
Eo _\vEo 1 Bvar Bvar Bref
=V, Tm"_CBvarl{I _g[(AQ var ~Alyar )X}}l_
Eo Eo Bref
wz_zv Tm+C&m2|
Forn>1:
Eo _ . Eo Bref Eo _ Eo Bref
'—WZFf%Zn ”!r Tm+C&waqﬂ —wym_zn!r Tm+C&ﬂQ|

-1
Recognizing that the inverse of adirection cosine matrix equals its transpose, the (CBvar )

termsin (H-62) become CE\(/)ar , generating (51) in[1].
n
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