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ABSTRACT

This article is Part 3 of a three part series describing an improved Strapdown
Rotation Test (SRT) for calibrating the compensation coefficients in a strapdown
inertial measurement unit (IMU). The SRT consists of a set of IMU rotations and
processing routines that enable precision measurements of IMU
gyro/accelerometer misalignment/scale-factor and accelerometer bias errors, all
without precision rotation fixturing. The improved SRT is compatible with a
broad range of IMU types from aircraft accuracy inertial navigation systems
(INSs) to the latest low cost MEMS variety (Micro-machined Electronic Module
System). This Part 3 article provides numerical examples showing how collected
SRT rotation test data translates sensor errors into data collection measurements,
and the impact of neglecting gyro bias in the SRT sensor error determination
process. The results numerically confirm that rotation sequences designed in Part
1 measure the particular sensor error for which they were designed.

FOREWORD

This article is the third in a three part series describing improved strapdown rotation test
(SRT) procedures for calibrating a strapdown inertial measurement unit (IMU) containing an
orthogonal triad of inertial sensors (gyros and accelerometers), digital processor, associated
sensor calibration software, and other computational elements. The improved rotation tests
consist of a series of rotation sequences, each designed to measure one of the following errors in
sensor calibration coefficients: gyro-to-gyro misalignment, accelerometer-to-gyro misalignment,
gyro/accelerometer scale-factor, and accelerometer bias. The first and second articles in the
three-part series cover the following topics:

Part 1: Procedures, Rotation Fixtures, And Accuracy Analysis - Describes the general theory
for the improved rotation tests, rotation test operations, data collection during test, post-
test data processing, rotation test fixture requirements, rotation design for sensor error
determination, and sensor error determination accuracy analysis.




Part 2: Analytical Derivations - Derives the Part 1 equations for 1) IMU sensor output data
processing, 2) Determining sensor calibration errors from the processed IMU data, and 3)
SRT inaccuracies caused by rotation fixture error, IMU mounting misalignment on the

rotation fixture, approximations in SRT data analysis equations, and residual gyro biases
during the SRT.

NOTATION
The following general notation is used throughout this article.

V = Vector without specific coordinate frame designation. A vector is a parameter that

has length and direction. Vectors used in the paper are classified as “free vectors”,

hence, have no preferred location in coordinate frames in which they are
analytically described.

ZA = Column matrix with elements equal to the projection of }J on coordinate frame 4

axes. The projection of V' on each frame A axis equals the dot product of /' with a
unit vector parallel to that coordinate axis.

(ZA ><) = Skew symmetric (or cross-product) form of KA represented by the square

0 =Vza Vw
matrix | 7 z4 0 — Vx4 | in which Vxy, Vyy, V74 are the components of
-Vva  Vxy 0

KA. The matrix product of (ZA ><) with another 4 frame vector equals the cross-

product of ZA with the vector in the 4 frame, i.e.: (KA ><) KA = KA X KA .

Cﬁlhz — Direction cosine matrix that transforms a vector from its coordinate frame 4,
projection form to its coordinate frame 4; projection form, i.e., V4l = lez vz,
The columns of Cﬁlz are projections on 4; axes of unit vectors parallel to 4, axes.
A .. .
Conversely, the rows of C, ; are projections on 4, axes of unit vectors parallel to
A1 axes. An important property of lez is that it's inverse equals it's transpose.
w;., = Angular rotation rate of generalized coordinate frame A relative to inertially
non-rotating space (I : A subscript).

w;.p = Angular rotation rate of the earth relative to inertially non-rotating space (I : £
subscript).



wg., = Angular rotation rate of generalized coordinate frame A relative to the rotating
earth (E' : A4 subscript). Note that w;. ,=w;.p+@y., and equivalently,

Dp.y=Q1- 4~ P .-

V- 40

) 7 = Derivative of parameter ( ) with respect to time z.
t

~

() = Computed or measured value of parameter ( ) that, in contrast with the idealized
error free value ('), contain errors.

COORDINATE FRAMES

The primary coordinate frame used in this article is the IMU fixed B frame that is rotated
relative to the earth (and inertial space) during each SRT rotation sequence. Other coordinate
frames related to B are fixed (non-rotating) relative to the earth, most aligned with the B frame at
the start and end of a rotation sequence, one defined to be aligned with north, east, down
coordinates at the test site. Specific definitions for the coordinate frame are as follows:

B = IMU sensor frame that is fixed relative to strapdown inertial sensor input axes, but
that rotates relative to the earth during each rotation sequence of the SRT. The
angular orientation of the B frame relative to sensor axes is arbitrary based on user
or traditional preferences.

Bsy: = Coordinate frame that is fixed (non-rotating) relative to the earth and aligned

with the B frame at the start of the rotation sequence. Nominally, one of the
By frame axes would be aligned with the local vertical if the IMU being tested

is perfectly mounted on an idealized rotation fixture.

Brna = Coordinate frame that is fixed (non-rotating) relative to the earth and aligned
with the B frame at the end of the rotation sequence.

Bi, sy = Coordinate frame that is fixed (non-rotating) relative to the earth and aligned

with the B frame at the start of rotation i in a rotation sequence.

Bj Ena = Coordinate frame that is fixed (non-rotating) relative to the earth and aligned

with the B frame at the end of rotation i in a rotation sequence.

MARS = Designation for a “mean-angular-rate-sensor” B frame selection, the orthogonal
frame that best fits around the actual strapdown gyro input axes.

NED = Earth fixed coordinate frame with axes aligned to local north, east, down
directions.



PARAMETER DEFINITIONS

Parameters used throughout the article are defined as follows:

~B

agr = Actual specific force acceleration vector in B frame coordinates (from the IMU

accelerometer triad output).

BSmt at the start

= Average values of é S

aBStrt (&BStrt) ZZBStrt (ZlBSM)
=SF str” \=SF StrtAvg " =SFEnd” \=SF EndAvg

and end of the SRT rotation sequence (when the IMU is stationary).
Agggz{gﬂ , Aggg;{gn = Diagonal matrix with elements equal to unity magnitude with the
sign (plus or minus) of the elements of ggg” ‘, g?ﬁ”d , the true specific force

acceleration vector in Bg;, and Bp,; coordinates. Equivalently, because the

specific force vector is upward when the IMU is stationary, the diagonal matrix

Bsut BEnd : Bsut BEnd
elements of 4 SFSign’ A on equal the negative of u Do s Upymd.

~BSut ~BStrt - D . .
= Downward components of stationary acceleration measurements
AStrt pown’ 4 End Down P 24

at the start and end of the rotation sequence.

g Bsit - s2BEnd = Errors in the (1) measurements of 425 and oBSirt
—=SF Strt =SF End

a a
=SF Strt ’ =SFEnd

Bi = Angular rate of rotation i.

AQZS’” = Horizontal component of the difference between stationary acceleration

measurements at the end and start of an SRT rotation sequence.

F pmeas = Measurement averaging filter output scale factor (integrated effect of
g(t, ! Meas g, d) ). Typical averaging filter algorithms are based on a simple linear

average or on an average of successive overlapping averages (“average-of-
averages”) for which [4, Sect. 8.4] shows that for either, F ., in equals 1/2.

g = Plumb-bob gravity magnitude at the test site.

i = Subscript designating the rotation number in a particular SRT rotation sequence.
I = Identity matrix.



KLinScal » KMis > K Asym — Gyro triad linear scale factor error, misalignment, and

asymmetrical scale-factor error matrices.

Kpias = Gyro triad bias error vector.

ki = Gyro i bias error (component of k' p; .. ).
x;; = Gyro i linear scale factor error (component of x; ;547 )-
kii; = Qyro i asymmetric scale factor error (component of x4, )-

xij = Gyro i misalignment error coupling angular rate from axis j into the gyro i input

axis (component of ;g )-
[ = Latitude of the test site.

Apias = Accelerometer triad bias error vector.

ALinScal » AMis» Aasym = Accelerometer triad linear scale factor, misalignment, and

asymmetrical scale-factor error matrices.

Ai = Accelerometer i bias error (component of Ap; ).
Ai; = Accelerometer i linear scale factor error (component of A;,,5.47)-
Aiii = Accelerometer i asymmetric scale factor error (component of 4 Asym ).

Aij = Accelerometer i misalignment error coupling acceleration from axis j into the

accelerometer i input axis (component of 4, ).

Hij = Misalignment of accelerometer i relative to MARS B frame axis j.

n = Subscript designating rotation number i for the last rotation in a particular SRT
sequence.

w. = Magnitude of earth’s rotation rate relative to non-rotating inertial space.

Qggg’ = Rotation angle error vector imbedded within the (2) computed 6§S’V ! at the

end of the rotation sequence.



@, = Signed magnitude of total angular traversal around rotation axis i.

— T ~ B Strt :
! Meas si1* t Meas End Time at the start and end of the a measurement time.

T Meas = Time interval for making each of the 4 Bsirt SRT measurements at the start and

end of the rotation sequence.

tSeqStrr = Time at the start of the first stationary acceleration measurement averaging

process for the rotation sequence.

é B fV’; ! = Estimated unit vector downward (along plumb-bob gravity) in By, frame
coordinates; e.g., _BSM =[1 0 O]T, [0 1 O]T, or[0 0 l]T for IMU axis x, y,

or z downward at the start of a rotation sequence.

ug‘fgf ,ugfv’;ld = Unit vectors downward in the Bg,, and Bp,; frames.

NED

Upn = Unitvector downward (along plumb-bob gravity) in NED frame coordinates,

e.g., for local down along the NED third (e.g., z) axis, ugﬁg [0 0 1]

Bi Strt _
U; =

Unit vector along the rotation axis of rotation i in the rotation sequence, also

defined for the SRT to be a along a particular IMU B frame axis; e.g.,

_?’ Srt=11 0 0]",[0 1 0]",or[0 0 1] for rotation i around B frame axis

X, y, Or z.

v; j = Orthogonality error between gyro axes i and /.

¢g)§Z)’ Biaskos — ETTOr N ¢B Sirt- caused by neglecting the effect of gyro bias during an

SRT rotation sequence.

~B
e( Ad Strt

) = Error in the (5) error model for A;B Strt caused by neglecting the
=H GyroBias =H

effect of gyro bias in ¢B Strt.



g(t, ! Meas g, d) = Measurement averaging algorithm weighting function: The algorithm
response at ¢, . , toa unit impulse input to the averaging algorithm at time t

during the measurement period.

INTRODUCTION

The Strapdown Rotation Test (SRT) is a test procedure designed for rapid
measurement/calibration of sensor error parameters in a strapdown inertial measurement unit
(IMU): gyro/accelerometer scale factor errors, accelerometer bias errors, and sensor-to-sensor
misalignment errors. The SRT is performed by executing a series of IMU rotation sequences
with the IMU mounted on a two-axis rotation fixture. The principal advantage of the SRT is the
ability to precisely determine sensor errors (e.g., misalignments to micro-radian accuracy) using
moderate accuracy (one milli-radian) rotation test fixturing.

The original SRT concept was first disclosed in 1977 [1], based on defining the test
measurement as the rate of change of horizontal velocity generated within the IMU from a
standard inertial navigation solution. Measurements were taken with the IMU stationary
between SRT rotation sequence executions. Under stationary conditions, an IMU with ideal
(perfectly calibrated) inertial sensors has zero horizontal velocity. Non-zero stationary
horizontal velocity rates provide measures of sensor errors excited by the IMU rotation
sequences and reorientation from sequence start. Analytical routines within the SRT translated
the stationary horizontal velocity-rate measurements into the sensor errors that created them.

The [1] method evolved to the form disclosed in 2002 [2, Sect. 18.4] whereby the velocity
change measurement was replaced by the difference between horizontal acceleration
measurements taken at the start and end of each SRT rotation sequence. The horizontal
acceleration measurements were averaged outputs from a strapdown “analytical platform”
generated using the IMU strapdown gyro/accelerometer sensor signals. (An analytic platform is
a fundamental computational element in a strapdown IMU that transforms strapdown
accelerometer signals through a direction cosine matrix (DCM) into a non-rotating reference
coordinate frame, analogous to a mechanically gimbaled gyro-stabilized platform on which the
accelerometers and gyros would be mounted). For the SRT, the analytic platform resides in the
IMU under test or as software in the SRT test computer. The latter concept is depicted in Fig. 1,
the DCM being calculated in the “Attitude Computation” block.

The latest form of the SRT disclosed in Part 1 of the three part series eliminates the [1] and
[2] requirement for IMU inertial-sensor-based initial “self-alignment” of the Figure 1 DCM at
SRT start, thereby expanding SRT applicability to IMUs having sensors without the required
accuracy for accurate DCM inertial alignment - e.g., MEMS (micro-machined electronic system)
IMUs. Additionally, each rotation sequence in the improved SRT is designed to measure a
particular sensor error parameter, thus simplifying data processing, and reducing the time for
potential sensor error shifts between measurements (compared to the original [1] and [2]
concepts where the time for potential sensor error shifts spanned initial DCM alignment and
several rotation sequences).



STRAPDOWN ROTATION TEST OPERATIONS

CALIBRATION ERRORS
FROM SAVED
MEASUREMENTS

3 Accelerometer
Bias, Scale Factor,
Misalignment Cal Errors
3 Gyro Scale Factor,
Orthogonality Cal Errors

1 1
1 1
1 1
1
INERTIAL \ \
MESSII:IJ_I?IEMNIIJE)NT : VECTOR AVERAGE !
| ACCELERATION !
: > TRANSFORMATION ALGORITHM :
ACCELEROMETERS +— A Reference 1
COMPENSATION Frame |
_ | EQUATIONS Accelerations | !
GYROS Ll 1
» ATTITUDE SAVE AVERAGE ACCELERATION :
COMPUTATION MEASUREMENTS BEFORE AND |
AFTER EACH ROTATION |
ROTATION SEQUENCE FOR A SET OF 1
TEST ¢ ROTATION SEQUENCES 1
1
FIXTURE Earth 1
Rates | :
COMPUTE SENSOR |
1
1
1
1
1
1
1
1
1
1
1
1

Fig. 1 - Strapdown Rotation Test (SRT) Setup

The rotation sequences for the improved SRT are designed in Part 1 [3, Section 6.0] for
execution using a two-axis rotation fixture with outer axis horizontal. Table 1 defines the
sequences for an IMU mounted on the rotation fixture with z axis (of a right-handed mutually
orthogonal X, y, z set) aligned with the inner rotation axis and downward when the outer axis
rotation angle is zero. The IMU x, y axis mounting is defined as having the y axis aligned with
the outer rotation fixture axis when the inner axis rotation angle is zero.

Table 1 is a specialized version of five generic rotation sequence groups, each designed in
Part 1 [3, Sect. 6.0] to excite a particular sensor error type onto the SRT measurement, 1) Gyro
scale factor error [3, Sect. 6.2.1], 2) Gyro-to-gyro orthogonality error [3, Sect. 6.2.2.1], 3) Gyro-
to-gyro orthogonality error when circumventing mechanical limitations of a two-axis rotation
fixture [3, Sect. 6.2.2.2], 4) Accelerometer misalignment error relative to gyro triad input axes
[3, Sect. 6.3.1.1], and 5) Accelerometer bias error [3, Sect.6.3.1.2]. For the IMU x, y, z axis
setup and rotation sequence definitions, Table 1 rotations sequences contained within the
previously defined five groups are as follows: 1) Sequences 1 — 3 for x, y, z gyro scale factor
error, 2) Sequences 4 -5 for y to z and z to x gyro-to-gyro orthogonality error, 3) Sequence 6 for
X to y gyro orthogonality error, 4) Sequences 7 — 12 for accelerometer-to-gyro misalignment
error (x accelerometer to y gyro, X accelerometer to z gyro, zto x, zto y, y to z, and y to x), and
5) Sequences 13 — 14 for x, y accelerometer bias - z accelerometer bias is obtained from the
group four sequence 7 measurement component not containing accelerometer-to-gyro
misalignment.

This Part 3 article first summarizes the improved SRT methodology, and then provides five
detailed numerical examples, each deriving the measurement obtained for a particular Table 1
rotation sequence, each being a sample of the previously defined five sensor error determination



sequence groups: 1) Sequence 3 for z gyro scale factor error, 2) Sequence 5 for z to x gyro
orthogonality error, 3) Sequence 6 for x to y gyro orthogonality error, 4) Sequence 7 for
misalignment error between accelerometer x and gyro y (on one of the sequence 7 measurement
horizontal components, z accelerometer bias on the other), and 5) Sequence 13 for y
accelerometer bias. Numerical results obtained are identical to those derived in the generalized
analytical Part 1 [3, Section 6.0] design of the rotation sequences. Included for each rotation
sequence example is a numerical evaluation of the impact of neglecting gyro bias in the
improved SRT processing equations.

Initial IMU Axis Directions Initial Rotation
Sequence Along Outer Fixture Angles Sequential IMU Axis Rotations
Number Down  Rotation Axis Inner  Outer
1 Z Y 0 0 +360Y
2 Z X +90 0 +360 X
3 X Y 0 -90 +360 Z
la Z Y 0 0 360 Y
2a Z X +90 0 -360 X
3a X Y 0 -90 -360 Z
4 Z Y 0 0 +180Y,+180Z,+180Y, +180 Z
5 V4 X +90 0 +180 X, +180 Z , +180 X, +180 Z
6 X Y 0 -90 +180Y, +90 Z, +180 X, +90 Z,
+180Y, +90 Z, +180 X, +90 Z
7 Y X +90 +90 +180 X
8 Z X +90 0 +180 X
9 X Y 0 -90 +180 Z
10 Y X +90 +90 +180 Z
11 Z Y 0 0 +180Y
12 X Y -90 +180Y
13 Z Y 0 0 +180Z,+180Y
14 Z X +90 0 +180 Z, +180 X

*Note - Rotation sequences la - 3a are not needed when gyros have no scale factor asymmetry.

Table 1 - Improved Strapdown Rotation Test Sequences



STRAPDOWN ROTATION TEST DATA COLLECTION

For each SRT rotation sequence, the following operations from Part 1 [3, Egs. (3)] would be
performed prior to and after completion of the sequence rotations to obtain the “Reference Frame
Accelerations” in Fig. 1:

“BStrt 6BStrt ~B

asr B 4gp
ABStrt _("BStrt) ZIBSm E(aBSm)
ASF sy~ \ESF StrtAvg =SFEnd  \=SF EndAvg
oBStrt _ [ ~BStrt  _ " BStrt
Aa (a —a ) 1
—H SFEnd  —SF Strt D

ABSlrt_ ~BSut .. NED NED
Up = CNED YDwn Upwn =10 0 1"

~BStt  _"BSut ~BStrt ~BStrt _ " Bsirt (ABStrt )+g

= . + .
AStrt pown  LDwn " 4SE g4y g AEnd pown =Dwn "\“SF g4

The components of ag S’” in (1) represent the “Reference Frame Accelerations” in Fig. 1, the

~BStrt

reference frame being the B frame at the start of the sequence (i.e., Bg;,,). The ( agp

)StrtAvg ’

( éggﬁ ! ) components in (1) represent outputs from the “Average Acceleration Algorithm”
EndAvg

~BStrt

=SF

start and end of the rotation sequence. The average acceleration measurements typically last for

block in Fig. 1 calculated from the average value of over a designated time period at the

10 seconds each using a simple averaging or average-of-averages type algorithm. The Cﬁ,%tg

matrix in (1) is the orientation of the IMU B frame relative to local NED (north, east, down)
coordinates at the start of the rotation sequence, approximately known from the rotation fixture
north orientation in the test facility and the IMU mounting orientation on the text fixture. The

ags” ! matrix in (1) is the output of the Fig. 1 “Attitude Computation” block, calculated from

Part 1, [3, Egs. (4)], as an integration process from the start of each rotation sequence:

~ B St ’*BSm( ~B X)—(a)BS’”x) ~ BStrt

Cg =Cp @ £ X|CB
ABStt_ Bsut . ,NED NED . T
o5 = CNED @LF oy =|wecos! 0 —,sinl] 2)
ABSirt — 1 4 Bt gy
Cs IfSequC

10



Note in (2) that the & gS’r ! matrix is initialized at identity, thus designating the B fame at the

start of the sequence as the reference frame in Fig. 1 for making rotation sequence “Reference
Frame Acceleration” measurements.
DETERMINING IMU SENSOR ERRORS

Approximate error models are derived in Part 2 [4, Sect. 7.2] and summarized in Part 1 [3,
Egs. (5) — (7)] defining the AQZSM , aggtwrzn, and ;ggfv‘fq measurements in (1) as a function of

individual gyro and accelerometer error parameters for each rotation sequence in the SRT:

. > Bi Stre
[K'LinScal T K Asym Slgn(ﬁiﬂ U; l i

Bi Sirt . Bi Bi
+|:I sin g; + (1_00591')(2,' i,Strt X) (K'Mis u; l,Strt)

Bsut =7 Do i=1T . ~BStrt _ ~Bsut Bi Strt 3
CBLSWI 0! on: CBi+1,Strt CBi,Strt CBi+1,Strt 3)

i

2
CBZ.’SM =] +sin 0; (ui i,Strt Xj n (1 — COS 91’) (u I’Strth
i 7 £ u

CB Strt — CB Strt

BEnd Bn+1,Strt

~Bstrt _ Bs Bs

JQSF vo=-g (lLinScal + AMis T A dsym ASFggn) ZDMZ? + iBias
Strt ( 4)

~“BEnd _ _ . , BEnd BEnd

5QSFEnd =— & (ﬂLmScal + Amis t /1Asym ASFSign Upwn T iBias
~BStrt _ o, BStrt o pBStrt BStrt ¢~ BEnd ~BStrt
= % + _
Aay" = 8 U *Lhnd' *\CBEnd Ot g ~ st )

~ B Strt ~ ,, BStrt ¢~ BStrt ~BEnd ~ 1, BEnd ¢~ BEnd 5
A Strt porn ~ UDwn - Odgp A End pown = YDwn - 08 gp . (5)

T
uBEnd — CBStrt uBStrt
=Dwn BEnd| =Dwn

Equating the (1) measurements to the equivalent (5) error model for each rotation sequence
provides a simultaneous set of linear equations that can be inverted to determine the sensor error
parameters.

Elements within the (3) - (4) error matrices and vectors are defined as

11



Kxy Kxz Kooe O 0
KLinScal =| 0 Kyy 0 KMis =| Kyx 0 Kyz KAsym 0 Kyyy 0
0 0 Kzz Kzx Kzy 0 0 Kzzz
A O 0 Dy Az
ALinScal=| 0 4 yy 0 AMis=| A yx 0 2 vz
0 0 A Azx ﬂzy 0 %)
Axex O 0 Ax
/IAsym = 0 A Wy 0 &Bias = ﬂy
0 0 ;Lzzz ﬂ'Z

The gyro misalignments in (6) are relative to an arbitrary selected coordinate frame B
representing IMU inertial sensor axes. To minimize second order error effects, it is expeditious
to select the B frame to correspond with MARS (mean angular rate sensor) axes, the orthogonal
frame that best fits around the actual gyro input axes. Fig. 3 illustrates the concept.

iMARS ;g

A j GYRO

i GYRO

N
iB

= i MARS

Fig. 3 - MARS Coordinates

In Fig. 3, y, is the angle between MARS and general B frame axes i and j. From Fig. 3,
defining the B frame to be a MARS type is equivalent to setting y, =0 for which

Kij=Kji

12

(8)

(6)



When adopting the MARS frame for B, it is also expedient to redefine g ; in terms of the

angular orthogonality error between i and j, i.e., the angle between i and j gyro axes compared
with the nominal orthogonal MARS axes equivalent of n/2. From Fig. 3, the conversion formula
is

Vij=KijtKji 9)
or with (8),
1
Kij= Kji =75 Vij (10)

For a MARS defined B frame, the 6 accelerometer 4; j misalignments in (7) will then

automatically become MARS reference specialized. To identify MARS specialization and
compatibility with MARS referenced gyro misalignments in (10), we will adopt the
accelerometer misalignment definition formula

Aij=Hij (11)

IMPACT OF NEGLECTING GYRO BIAS ON SRT ACCURACY

The SRT error model in (3) is based on the assumption that the IMU gyro biases have been
calibrated to a reasonable accuracy prior to SRT rotation sequence execution. The SRT

measurement error caused by neglecting constant gyro bias is derived as _gs” ! Bia in Part 2 [4,

Sect. 8.0] and analyzed in Part 1 [3, Sect 5.2.6]. Approximating the nominal B frame at the start
of each rotation as general frame B, Part 1 [3, Egs. (32) — (34)] for the gyro bias effect is

Bs Bs (1 —cos@l-) Bi Strt _ sin @; Bz Strt O;
¢Gylt”:)thasRot - ZCBZ gttrt |: u; P+ l u; X El K Bias (12)
I

o; o;
e(AngStrt) =g 2BSm‘ X{ ¢gStrtB + TMeas[[ + F Meas (CgStrt _ I):|£Bias} (13)
- GyroBias Yrobias pog End
1 t M.
FMeaS = eas End g(t’tMeasEnd) (t_tMeaSStrt) dt (14)

T Meas ! Meas Strt

ROTATION SEQUENCE MEASUREMENT EXAMPLES

This last section in the article, evaluates the (3) — (5) error model equations for particular
Table 1 rotation sequences 3, 5, 6, 7 and 13. The evaluation uses numerical values for the matrix
and vector parameters in (3) — (5) to generate particular solutions for comparison with the

13



equivalent generated in Part 1 [3, Section 6.0] using a purely analytical development approach.
Identical results between the two approaches confirms the accuracy of the general derivation
solutions presented in Part 1. Additionally, for each of Table 1 rotation sequence 3, 5, 6, 7, 13,
this section also evaluates the (12) — (13) gyro bias effect on SRT accuracy for application in the
Part 1 [3, Section 5.2.6] SRT error analysis.

ROTATION SEQUENCE 3

Rotation sequence 3 is representative of sequences 1 — 3 and 1a — 3a used to determine X, y, z
gyro linear and asymmetric scale factor errors. From Table 1, sequence 3 is a single 360 degree
rotation which returns the IMU to its starting orientation. Then

BSwt _ 1 “BEnd _ ¢~ BStrt 15
CBEnd oa 4SF pna ~ CLSF Sire (15)

Table 1, sequence 3 also shows that IMU axis x is initially down and the IMU z axis is the axis
of rotation:

1 0
updrt=| 0| ubLsri=|0 (16)
0 1

Sequence 3 Measurement

With (15), (3) and (5) for the +360 deg rotation simplify to

B B1,Strt ~B B B
O oot =27 (K LinSeal + Kagym) ) " Mg =g upsix oS (17)

Substituting (16) in (17) with 7,504 and xygy, from (6) finds

K'xx+ Kxxx 0 0 0 0
¢BStrt 0 Kyy+ Kypy 0 0= 0
0 0 Kzt Kzzz I 2”(’(22 KZZZ) (18)
! 0 0
A BStrt_g O X 0 = _27rg(Kzz+KZZZ)
0 Zﬂ'(K‘ZZ"'K'ZZZ) 0

The y component in (18) is identical to that for sequence 3 in Part 1 [3, Egs. (16)].
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Sequence 3 Unmodelled Gyro Bias Error Effect

For the Table 1 sequence 3 single axis +360 degree rotation, (12) and (13) with (15) for
CB S” ! simplify to

B St _ Bj, Stl"t 2_7[
¢Gyl’oBlasRot |:1+(u1 j] — KBias

1 (19)

_ B Sut B St
=& quZ x (A¢ ’ * T Meas K Bigs

~BSirt
e(Aa GyroBias g,

- )GyroBias

With (16) and (6) for xp;,., (19) becomes

1 00 0O -1 0|0 -1 O Kx 0
ApBSir “do 1 o+t o offt o o|l%F k|- 0
LGyroBiasRot ﬁ y
0 0 1 0O 0 0)j0 O O 1 Ky o0 Kz/ﬁl
1 0 Ky
e(AcAZBSM) =g|0|x 0 T T Meas | Ky (20)
= GyroBias .
0 27[ K'z/ﬂl KZ
0

= —27rg[1/lb"l+TMeas/(27z)} Kz

gTMeaS Ky

ROTATION SEQUENCE 5

Table 1 rotation sequence 5 is representative of sequences 4 and 5 used to determine the
orthogonality error between gyro z and gyros X, y. From Table 1, sequence 5 consists of four
+180 degree rotations which return the IMU to its starting orientation. Then

BStrt =] ~“BEnd _ ¢~ BStrt 21
CBEna 08 Sr b~ OLSF 1y @

Table 1 sequence 5 also shows that IMU axis z is initially down and the sequence of four +180
deg rotations is about IMU axes X, z, X, z in that order:

0 1 0 1 0
B[vat:zt_ 0 z{-’?I,Szrz: 0 2é?z,Szrt: 0 gf?a,Strl: 0 gf4,Strt: 0] (22)
1 0 1 0 1
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From (22) and (3) we can then write:

1 00
Bsuyt _
CBI,Strt_ 010
0 0 1
1 0 0][1 0 O 1 0 0
. BSut _ ~BStt Bl Strt _ _ _ _
+180 about x: Cayan = Chiet Cayon = 0 1 0/l0 =1 01]=[0 -1 ©
0 0 1]l0 0 -1 0 0 -1
1 0 o0][-1 0 O] [-1 0 O]
. BSyt _ ~BStrt B2, strt _ _ =
+180 about z: Cay'sr=CBomry CBy st = 0 -1 0/l0 -1 0 0 1 0] (23)
0 0 -1/l0 o0 1 0 0 -1
-1 0 o[t 0 0] [-1 0 O]
. Bsyt _ ~BStt B3 Stre _ _ _
+180 about x: Coya = Chyay CByson = 1 0 -1 0]=/0 -1 0
0 -1/l0 0 -1 0 0 1
-1 0 0][-1 0 0 1 00
. BStrt _ ~BSyrt  ~Ba,Strt _ _ _ -
+180 about z: Copm =Crysr CBind = 0 -1 0|0 =1 0l=|0 1 0
0 0 1l0o o0 1 0 0 1

Sequence 5 Measurement

With (21), (3) and (5) for the four sequential +180 deg rotations simplify to

Bsurt B Bi St Bi Stre Bi Stre
¢Em; {CB, gttrt|:(K'LmScal + K'Asym) U; T+2u X |ichist o
i

~BStrt _ Bsut B St
Aa ay =8 UDywn X ¢End

Substituting (22) and (23) in (24) with (6) for x7;,5cq1> K asym» and Kz then obtains for the

terms making up ¢B Strt .
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B1,Strt B1,Strt (. B3, Strt B3 St
(L_‘l Xj KMisU; = (23 X) KMisU3

0 0 O 0 Kxy Kxz |1 0 0 O 0 0
O 0 _1 K'yx O K‘yz O = 0 O —1 K'yx = | — KZX
01 O Kz Kz 0o [0 01 O Kox Kyx
B1,Stt B1,Strt B1,St¢
(KLinScal + K'Asym)lil T+2 (21 X) KMisY¥1
_ B1,Strt B3 Strt B3, Strt
= (K'LinScal+ K’Asym)ﬂz, T+ 2(23 Xj KMisU3
Kxx T Kxxx 0 (K'xx"'K'xxx)7Z
= 0 T+2|— Kzx | = -2 Kzx
0 Kyx 2 Kyx
B B B B
(22 2,8trt x) K Mis s 2,8trt _ ( uy 4,8trt X) K Misty 4,Strt
0 -1 0] 0 Kxy Kxz |0 0 -1 0| k. T Kyz
L 0 Oflxye 0 &y ||0|=|1 0 O xy:|=| Kkxz
0O 0 O Kzx Kz 0 1 0 0 0} o 0
B2 Strt B2 Strt B2 Strt
(KLinScal + K'Asym) Uy T+ 2(22 X) KMisUn
_ B4 St B4 Strt B4 stre
= (KLinScal+ KAsym) Uy T+ 2(24 X) KMisUy
0 ~ Kyz -2 Kyz
= 0 T+2 Ky |= 2 Kz
(KZZ+KZZZ) 0 (KZZ+KZZZ)”

17
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Bsut B1,St¢ 1,Strt B1,Surt
CBI’gtrt|:(K'LmScal+ K'Asym ug Tt 2( ) Mis ¥y

1 O 0 (K_xx+ Kxxx (K'xx+ Kxxx
= 0 1 0 2sz 2K‘Z)C
0 0 1 2ny 2ny

BSurt ( B2, Sirt 2 Strt B2,Strt
CB2,Strt|: KLinScal © K'Asym Uy T+2\u KMisUy ™~

1 0 0 —2Ky;
=0 -1 O 2 Kyz = =2 Ky
0O 0 -1 (K'zz""’fzzz) T

BSut B3, Sut B3, Sut B3, Strt
CB3,§trt[(KLinScal+ K‘Asym)ﬂ?, T+2 Us X | KMisU3

BSirt B4 Strt B4 strt B4 Strt
CB4’gtrt|:(K'LinScal+ K'Asym)ﬂ4 T+2|u Uy X | KMis Uy

-1 0 0 —2 Ky, 2 Ky,
=0 -1 0 2 Kz = -2 Kyz

0 0 1 (KZZ+KZZZ)E (KZZ+KZZZ)”

Substituting (26) in (24) and applying (10) for a MARS type B frame, then finds for ¢B Strt .

(K‘xx+K'xxx)ﬂ- ~2Kyz _(K'xx+’(xxx)7[ 2Ky,
¢§Sgt —2 Kzx + —2 Kxz + —2 Kzx + =2 Kyz
l 2ny _(Kzz‘l'/('zzz)” -2 Kyx (K'zz‘l'K'zzz)ﬂ'
(27)
(Kxx‘l'K'xxx)” “Uyz _(K'xx+K'xxx)7[ Vyz 0
= z Uzx + ~Uzx + ~Uzx + ~ Uzx = -4v,,
l Uxy _(KZZ+KZZZ)7Z ~ Dyy (K'ZZ+I(‘ZZZ)7Z' 0

With (27) and (22) for gB Strt ' (24) obtains for AQZS” t.

Dwn
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0 0 4g1)zx
AasS=g|0|x|-4v |=| 0 (28)
1 0 0

The x component in (28) is identical to that for sequence 5 in Part 1 [3, Egs. (16)].

Sequence 5 Unmodelled Gyro Bias Error Effect

Table 1 rotation sequence 6 is used to determine the orthogonality error between the x and y

gyros. For the Table 1 sequence 5 four +180 deg rotations, (12) and (13) with (15) for CB S” !

simplify to
A¢B Strt BSut 2 ( Bisw B Strt 2 T
ZGyroBiasRot — Z CB; Strt ; u; X+ Y X — KBijas
(29)
~BStrt =g uBStrt % A¢BStrt +T Ko
el Aa . =D ZGyroBias Meas 2 Bias
GyroBias Rot

Substituting (22) and (23) in (29) then obtains for terms in A¢§J‘%’ BiasRot -

2 2
2 B 2 B
]+_(ull31,StrtX)+(ul I,Strtx) :I+—(u§3’sm><j+(u3 3,Sm><
” - - ” - —_

0 0 00 0700 olo0o 0 o 00 0] 1 00
“10 1 0l+2]0 0 —1]+]0o 0o —1lo 0 =1]=2]0 0 -1]+[0 0 0
oo 1| ®lo1 ol o1 ollo1 ol "lo1 ofllooo
(30)
2 ( Ba.sit B2 Strt 2 2( B 4,Strt B4 Strt 2
I+—(g2’ Xj+(g2’ Xj =/+— (4 )+(g4’ Xj
T T
1 0 0 0 -1 0] [0 =1 oJ[0 -1 0 0 -1 0] [0 0 0
10 1 ol+2]1 0 ol+[1 0 ol[1 o o|=2|1 0o ol+lo 0 0
00 1| "lo o ol o o oflo o of "lo o ol |0 o
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0 0 1 00
0 -1{+/0 0 O
1 0 0 00

0

0

0
B2 Strt

R

€2y

|

1

-1 0 0 00
0 O0|+{0 0 O
0 0 O 0 0

0
1

(32)

0 O
0 O
-1

L

2
T

0 0 1 00
0 —1]+{0 0 O}+
1 0 0 0 0

0 0 O
[

0
{o
0
-1 0
0 O
0 O

AR

0

0 0 O +3 -1
/4
0 0 -1

0
-1
0

2
+—
V3



Substituting (32) in (29) with (6) for xp;, . gives for AQ%?;”O’ BiasRot -

2
Bstre — BStrt 2( Bisut Bi,Strt K
AQGyroBiasRoz‘ - %CBZ',SM I+ T u; X+l u; X — KBias

B
0 0 07|y 0 (33)
:i -1 0 1|k, |= —4(Kx+1(z)//§
Blo o 0] 0
: Bstrt Bstrt ~B ; .
With (33) for A¢ Gyrro Biasp, and (22) for u ", e( Aa Strt )GyroBias in (29) then becomes:
e AABStrt =g uBSzrtx(A¢BStrt . + T Moas K ri )
& )Gyropias P \T=GyroBias gy, edas = Bias

0 0 Kx 0 T Meas Kx
=g|0|x —4(Kx+Kz)/B + T Meas Ky|(T8 0 [x _4(Kx+KZ)/,B +TMeasKy (34)

1 0 Kz 1 T Meas Kz

4g[(l(‘x+ x2)/ B = Teas ,(y/ﬂ
= gTMeas Kx
0

ROTATION SEQUENCE 6

From Table 1, sequence 6 consists of eight interlaced +180 degree and +90 deg rotations
(four at 180 deg, four at 90 deg) which return the IMU to its starting orientation. Then

BSwt _ 1 ~“BEnd _ ¢~ BStrt 35
CBEnd Ol pg ~ OLSF 51yt (35)

Table 1 sequence 5 also shows that IMU axis x is initially down and the sequence of eight IMU
axis rotations is +180 y, +90 z, +180 x, +90 z, +180 y, +90 z, +180 x, +90 z in that order:
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1 0 0 !

ufSt=10| #1801 w M= 1| 4901 )™= 0| +180: ug =] 0
0 0 1 0
0 0 0
#90: ug M=) 0| +180: wg = 1) +90: ug®=| 0 (36)
1 0 |
1 0
+180: 27B7,Sm: 0 +90: Z2135’8,&;»;: 0
0 1

From (36) and (3) we can then write:
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1 0 0
Bsut _
CBl,gtrt =0 1.0
0 0 1
1 0 0)j-1 0 O -1 0 O
. Bstrt  _ ~Bsut  ~BLStrt _ _
+180 about y: CBz,Sm = CBI,Sm CBZ’SM =01 00 1 Of=[{0 1 O
0O 0 1110 0 -1 0O 0 -1
-1 0 oo -1 o] [0 1 O
. BStyt _ ~BSut B2, st _ _
+90 about z: CB3,§m = CBz,gm CB3,Strt =0 1 01 O Of=l1 0 O
0O 0 1|0 0 1 0 0 -1
01 o]t o o0 0 -1 0
. Bstrt  _ ~Bsut ~B3.Strt _ _ _
+180 about x: CB4,gm = CBS,gm CB4,Sm =({1 0 010 1 0(=|1 O O
0O 0 -10 0 -1 0 0 1
0 -1 o]0 -1 0] [-1 0 O
. Bsyt _ ~BSut B4,Strt _ _ _
+90 about z: CBs,gm = CB4:9m CBS,Strt =1 0 0|1 0 0|=|0 1 0 (37)
0O 0 1]j0 0 1 0 0 1
(-1 0 0][-1 0 O 1 0 O
. Bswt _ ~BStrt B5 Strt _ _ _ _
+180 about y: CB6,gm = CBS’gm Bo.smt 0 1 0(0 1 0O (=0 1 0
0O 0 1/10 0 -1 0 0 -1
1 0 00 -1 0 0O -1 O
. BSyt _ ~BStt Be6,Strt _ | _
+90 about z: CB7,gm = CB6,gm CB7,Strt =0 1 o)1 0 Of=|-1 0 O
0O 0 -1/j0 0 1 0 0 -1
0O -1 ojj1 0 O 0 1 0
. BStt _ ~BSut B7,8trt _| _ _|_
+180 about x: CBs,Sm = CB7,Sm CB&SM =(-1 0 010 1 O 1 00
0O 0O -1/J10 0 -1 0 0 1
0 1 0)jo -1 O 1 0 O
. Bsut _ ~BsSut B8 strt _ | _
+90 about z: CBE;:d = CBg,gm CBEnd =-1 0 0|1 O O|=/0 1 O
0O 0 1]]0 0 1 0 0 1

Sequence 6 Measurement

With (35), (3) and (5) for the four +180 deg and four +90 deg rotations become

23



BSut _ BSut Bi Strt Bi Strt Bi Strt
¢Ena}; - b3 {CBi Srvtrt|:(K'LinScal+ KAsym) U; T+2| u; X | KMisU;

B Bi st 0 Bi Strt Bi Strt
+ X CBSM (K'LinScal+K'Asym) u; P T+ u; B KMisY; e (33)
. i,Strt 2
i=2,4,6,8
~BStrt _ BStrt < B Strt
AQH =& UDwn X_End

Substituting (36) and (37) in (38) with (6) for x7;,5car> Kasym» Kumis then obtains for terms

BSut .
End °

making up ¢
0
For the IMU 180 deg y axis rotations: i =1, 5 and gfi’S’rt =|1

0
Bi Bi Bi
(K'LinScal + K'Asym) u; S+ 2(2;’ LSt Xj KMisU; S
Kox T Kxoee || O 0 0 1 0 Kxy Kxz || 0
LWz+21 0 0 Oy O Kyz 1
-1 0 0 0

=| Ky T Kyyy

Kzzt Kzzz Kzx Kzy 0

0 0 0 2Kz

= (’fyy+’fyyy)” + 0 0
0 -2 0

\S)

()
[e)

= (Kyy + ’(yyy)”

-2 ny

o
o
=

(39)
B B1,Strt B1,Strt B1,Strt
CBEZ;”|:( KLinScal T KAsym) 23] T+ 2(21 Xj KMisY¥y }
2 Kzy { 2 Kzy

(Kyy+ Kyyy)” =

-2 Ky
Bs B5 Stre B5 Strt B5 Stre
Cp [(KLinScal + K'Asym) Us T+2 Us X |KMisUs

B5, Surt (
-1 0 0 2Kzy { — 2Kz

Il
(el
S = O
- o O

=| 0 =1 0| (Kt rpy)7 |=| -

0 0 1 - Ky
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1
For the IMU 180 deg x axis rotations: i =3, 7 and QZB"’S”’ =10

0
Bi Strt Bz ,Strt Bi Strt
(K'LinScal'i'K'Asym)ﬂ . 7[+2( X)K'Misﬂi
Kxx + Ko || 1 00 0] 0 &y x|l
=| Kyy T Kyyy O|lz+2{0 0 -1 Kyx 0 Kyz 0
Kzzt Kzzz 0 Kzx  Kzy
(K'xx+7(xxx)7[ 0 0 0 Kxx+Kxxx)7[
= 0 + 0 0 =2 Kyx | = -2 Kzx
0 -0 2 0 2 Kyx
(40)
Bstt i B3, Sut +2|u 3 Strt o B3 Surt
CB3 Sirt (K'LmScal K'Asym us 7 KMisU3
01 0 (K'xx+K'xxx ZKZX
=1 0 0 2 Kox K'xx+K'xxx
0 0 -1 2 Kyx -2 K'yx
B B7,Strt B7, Strt B7,Strt
ngtgttrt[(KLmScal + K'Asym u; ot 2( KMisUy }
0 -1 0 (K'xx""(xxx 2 Kzx
=-1 0 0 2 Kzx Kxx+Kxxx
0 0 -1 2 Kyx -2 Kyx
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K
For the IMU 90 deg z axis rotations: i = 2, 4, 6,8andgfi’St’t= 0
_1
1 -1 o] O Kxy Kxz || 0 I =1 0|l ky, Kxz =™ Kyz
B; B;
[14_(% ZDSMX)}KMiSZi i,8trt _ 1 1 0 Kyx 0 Kyz 0Ol=I1 1 0 Kyz | = KXZ'H(yz
0 0 KZszyo1001o 0

0 Kxz = Kyz Kxz ~ Kyz
= 0 | Kt | = Kz tK ),
(K'zz"'/('zzz)ﬂ'/2 0 (K'zz"'K'zzz)ﬂ-/z
Bsnt B2,Strt T Bz Strt g B2,strt
CBLSM{(KLmScal + KAsym U, —+ |:I + KMzsuz
-1 0 O ~Kyz sz Kyz) (41)
=10 1 0 K'xz+K'yz K'xz+K'yz
0 0 -1 Kzz”/z Kzz+Kzzz 7[/2

BStt B4 Syt T B4 Sirt o Ba,Surt
CB4’gtrt{(K'LmScal + KAsym Uy 3 +| 1+ K'Mzsu4

—1 Kyz KXZ+KyZ)
~Kyz

0
0 +Kyz
1 KZZ+KZZZ)”/2

0
0 (KZZ+KZZZ ”/2

BSirt ( 6 Strt T B6 Strt o . Be,Sirt
CBG,Strt{ K LinScal © K'Asym 5 + 1+ KMlSZi6

=0 -1 0 sz+Kyz K‘xz"'K'yZ)

0 0 _1 (KZZ+KZZZ 7[/2 Kzz+Kzzz)7[/2

BSut 8 Strt 7 8 Strt o . B8 st
CB&SM{(K‘LmScal + KAsym 5 + 1+ KMisUg

0 1 0 Kyz KXZ+KyZ

sz Kyz)

Kzz+ Kzzz) 7/2

=(-1 0 O sz""(yz

1
I 0 o . [ ~ Kz
l
e
1.

0 01 (KZZ+KZZZ 7[/2
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Substituting (39) — (41) into (38) and applying (10) for a MARS type B frame then finds for

¢B Strt .

ZEnd *
ZKZ)’ _<sz_Kyz) =2 Koy _(sz+Kyz)
(KYY+KWY)” + Kxz t Kyz + (K'xx"'l('xxx)ﬂ' + Kxz = Kyz
BStt _ —2 Kxy _(KZZ + KZZZ) m/2 -2 Kyx (KZZ+ K'zzz) 7/2
¢End 2 -
T 4Kzy Kxz =~ Kyz 2 Koy Kxz T Kyz 42)
H=(mptap) 7 [+ ~(ketrz) [+~ (kb k)7 |+ (ke
-2 Kxy _(K'zz""(zzz)ﬂ-/2 -2 Kyx (KZZ+KZZZ)”/2
0 0
4wy +rpx) | L0

With (42) for ¢B Strt and (36) for uB S’” , (38) obtains for AéZStrt :

1 0 0
AT =g|0|x| 0 |=|4gy (43)
0 4ny 0

The y component in (43) is identical to that for sequence 6 in Part 1 [3, Egs. (16)].

Sequence 6 Unmodelled Gyro Bias Error Effect

For the Table 1 sequence 6 four +180 deg and four 90 deg rotations, (12) and (13) with (35)
for C BSW ! simplify to

2
B St BSut 2 Bi Bj l
¢GyroBlasRot = 1§5 7{CBI‘,SM{[ +t— ( i X) + (Zi X) :| ﬂ KBias

2 ) 2 /2
Bt B _~ 1, Bi it
+i—2§,6,8{CBi’£trt {I + s (zl IX) + (1 ﬂ.](—l X ) i| ﬂ EBias} (44)

~BStrt Bt B Strt
e(Aa Sir ) X ¢GyroBlaSR + T Meas K pias

=8up
GyroBias Dwn

Substituting (36) and (37) in (44) then obtains for terms in A¢g§ff0’ BiasRot -
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oS o O

S — O

S O O

— O O

S O O

— o O

(45)

00 O
-1{|0 0 -1|=
01 O

0

0 0 O
-1{+{0 O
0 1

0

0 0 O
0 0
0 1

2
V2

0
0+
1

0
1
0

— o O

|

-_—— O
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2
+ X 4chsn I+2(u’3"><)+(1—2 (uBix)
i=2,4,6.8 i,Strt T =l T =1
100“—1002001‘000
=0 1 0f[+/0 -1 0[44=|0 0 0]+/0 1 0
0010 o 1)]|"|-1 00| (000
010‘0—102000100
+[1 0 0]+/-1 0 o0[H=[0 0 —-1|+[0 0 ©
00 -1| o o —t|[|"]lo 1 of [0 0 0
- (46)
10 0] fo -1 0] f1 0 0] [0 1 0] [t -1 0
+H|0 1 0]+[1 0 0[+/0 -1 0]+[-1 0 o['=/1 1 0
0 0 -1]]o o 1] ]o o 1] 0o o 1||"lo o 1
0 0 0]f o 0 0 0 0] [o 0] fo 0 o] [t oo
=0 0 0[{=|0 0 O[+|0 1 0|t+|0 0i={0 0 =1|+/0 0 0
00 2[|"[-1 0 0] o0 o] [oo=2]"lo1 0o]]0oo0o0
0 00 2'1 -1 0
+H0 0 0|51 1 0
T
00070 0 1
[0 00] oo 0]  fooo
=210 0 0[+=[0 0 0[=—[0 0 0
120 0] "lo 2 0] "1 1 0
Substituting (46) in (44) with (6) for k. gives for A(bgﬁ%’ BiasRot -
¢BStrl z Bt 2 Bi,StrtX + Bi,Stl’tX 2 l
GyroBzasRot_ CB, ,Strt u; u; ,B K Bias
0 0 0]y 0 47)
4 .
=—|-1 0 —1||xy|=|-4(xxtxz)/p
Blo o o], 0
With (47) for A¢§§;§Bmsm and (36) for u5Srt, e( AéBStrt)GymBias in (44) then becomes:
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~BStrt — BStr BStrt ) )
e(AQ ' )GyroBias & UDwn ™ AQG)”” oBias g, " I'Meas Kias
1 A 0 Kx 1 T Meas Kx
=g|0|x _; 0 T Meas | Ky | |=8 0|x T Meas Ky (48)
0 Kx+Ky Kz —4(K'X+K'y)/ﬂ' +TM€CZSKZ
0
= 4g|:(Kx+Ky)/,B _TMeasK'z/“}
8T Meas Ky
ROTATION SEQUENCE 7

Rotation sequence 7 is representative of sequences 7 — 12 used to determine the
misalignment errors between the accelerometers and gyros. In addition, sequence 7 is used to
determine the z accelerometer bias error. From Table 1, sequence 7 consists of a single +180
degree rotation around IMU axis x from an initial IMU y axis down orientation:

0
BStrt _ Bi,strt _
UPyn =| 1| w77 =

0

Then from (3) and (5):

Bsur _ BStrt _ ~BSut
CBI,Strt CBEnd CBI,Strt
BEnd _ | ~BStrt
Lpwn = (CBEnd

From (49), (50) and the definition of 4

equal to the negative of ggfvt;f , ggﬁ’f :

0 0

ABsm =10 -1 0
SFSign

0 O

1
0 (49)
0
1 0 01 0 O 1 0 O
B1,Strt _ — _
Coyat=/0 1 0/[0 =1 0|=[0 -1 0
0 0 10 0 -1 0 0 -
(50)
T I 0 O01]|0 0
Jubsri=lo -1 0 ||1]=|-1
0 0 -1}|0 0
gggl.’gn , Agﬁgfgn as diagonal matrices having elements
0 0 0
A5t =|0 1 0 (51)
0 0 O

30



Sequence 7 Measurement

With (49) — (50) and (6) for xrinScals Kdsym» Kuis» (3) for Qgﬁgt becomes for the single +180

deg rotation:

Bstrt _ By, Bl B,
QE;fﬁit — (K'LinScal"‘ K'Asym) ul 1SM75+2(21 1,Strt Xj K Mis ) 1,Strt
Kxx+K'xxx 0 0 1 0 0 0 0 ny Kxz || 1
= 0 Kyy + Kyyy 0 017+2[0 0 —1|lxy O xp|[0] (52)
0 0 Koz + Koz 0 01 0 Kzx Kz 0
Kxx T Kxxx 00 0 0 (K'xx+ K'xxx)”

= 0 7+2|0 0 -1 Kyx | = =2 Knx

0 01 0 Koy 2 Kyx

. B, BEnd B BE
With (49) — (51) for u )™, upe, ASI:SfS‘ritgn’ ASng{fgn and (7) for Aznscar> Amis» Adsym >

A . (4) becomes for gy "BEnd .
Z Bias ( ) 5QSFStrt, é‘QSFEnd

~BStrt _ Bs, B
oa.n" =-— g(ﬂLinScal + AMis T /1Asym ASFS*VI'Ign) szvtzt + iBias

=SF St
Axx ﬂxy Axz |0 Ax Ax=8& Axy

==8| Ay Ay~ Adyy Az |[1|H| Ay |= ﬂy—g(ﬂyy_ﬂyyy)

Azx Azy Azz 0 Az Az=8 Azy
(53)
~B — B B
525'}52?’151 = g(ﬂLinScal + AMis T /1Asym Agﬁf{{gﬂ) Evar;ld + 4Bias

Axx ﬂxy Axz || 0 Ax Ax T8 Axy

==8| Ay Ayt adyy Ay ||l A4y =] 4yt e (ﬂyy + ﬂyyy)
Azx Azy Azz 0 Az Azt 8 Az

Substituting (52) and (53) with (49) — (50) for gg‘fézt , ngg 2 in (5) and applying (10) and

; ~BStrt ~BStrt ~BEnd .
(11) for a MARS type B frame then obtains for Ag H o aSirt pown® @End Down
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~BStrt _ Bt v, BStrt BStrt ¢~ BEnd ~BStrt )
= X + —
Adp & LDwn ?End (CBE”d 5QSFEnd & SF St H

0 (Kx + Koex) T 1 0 O Axtg Axy Ax=8 Axy
=g|Lx| =2k [+9]0 =10 |1 Ate (At ) | =] Av-g (A= Aum)
0 2 Kyx 0 0 -l A:+g ﬂzy A:—8 lzy
28 Kyx i Axt 8 Axy Ax— & Axy (54)
= 0 1= Ar = (At day) | = | A= g (An=2y)
_g(Kxx-l_KxxX)ﬂ_ —Az=8 Az Az=8 Az H
28 (Auy+ K1) 2g(ﬂxy+vw/2)
_g(K'xx"'K'xxx)ﬂ-_z/lz _ZI:/?vz"'(ﬂ-g/z)(K‘xx"'Kxxx)]
[0 Ax—8 ﬂxy
~BStrt :uBSIVl‘ é-ABStrt =1 ﬂ _ (ﬂ, _l ) - _ (ﬂ, _l )+l
AStrt pown  LDwn O8gp e Ay TE Ay T Ay E\ Ay = Ayyy) T Ay
_0 /?,Z_g ﬂzy (55)
B O ﬂx+ g ﬂ«xy
~BEnd _,BEnd $"BEnd _ - _ _
Ao = WDy bags =711 Aytg (/1yy+/1yyy) =-8 (ﬂyy’%yyy) Ay
L0 Az+8 Azy
~BStrt ~BEnd are

~BStrt ;
The x and z components of Ag g in (54) and the (55) results for Strt Down® QEnd Down

identical to that for sequence 7 in Part 1 [3, Egs. (16)].

Sequence 7 Unmodelled Gyro Bias Error Effect

With (49) for gfl’sm and (6) for xp. ., (12) for the single +180 deg x axis rotation becomes

BStrt .
for AQGyroBiasRot )
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2
Bsure 2 (. Bisur B )|
¢GyroBlasRot {I + ﬂ.( U X+ Uy X — KBias
B

00 0] oo 0] k| | Trx/ B | (56)
0 0 —1|+[0 0 —1| t 2|k, |=|-2k./3

1 0 0
=<0 1 0|+
00 1 o1 0|l lo1 ol B

3|

Substituting (56) in (13) with uB Sirt from (49) and C BSW ! from (50) then obtains for

"BStrt)
e .
(AQ GyroBias
~BStrt — o ., BStt BStrt ( BS trt )1 ,
0 7 Kx! B 1 00 1 0 0] [t o o\l 57)
=g|1|X{ |=2K2/ B |+ Theas{| 0 1 O|+Figeas||0 =1 0 [=[0 1 0O|[¢| &y
0 2Ky/,3 0 0 1 0 0 -1 0 0 1 Ks
0 ”K'x/ﬂ. T Meas Kx 2g|:K'y/ﬂ' +TMeaS(1_2FMeaS) K‘Z/2J
=g|l|x _27('2/,3' + TMeas(l_ZFMeas) Ky| = 0
0 zKy/B TMeas(l_zFMeas)Kz

—ﬂg(l/ﬂ. +TMeas/”) K

ROTATION SEQUENCE 13

Rotation sequence 13 is representative of sequences 13 and 14 used to determine the x and y
accelerometer bias errors. From Table 1, sequence 13 consists of two +180 degree rotations, the
first around IMU axis z from an initial z axis down orientation, the second around IMU axis y:

0 0 0
ugﬁf:lt O _IBI Strt O _52 Strt 1 (58)
1 1 0
Then from (3) and (5):
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CB Strt _

B1,Strt

S O =

. Bstrt  _ ~BSyt  ~BLStrt _
+1 Z: = =
80 about CB 2,8trt CB 1,Strt CB 2,Strt

(39)

(e
(e]
o o = O O

0

. BStrt — ~BStrt B2,srt _ _
+180 about y: CBE;:d_CBZ,gtrt CBEna — 0 Lo
1

T
ZBEnd:(CBStrt) uBStrt: 0 -1 0

Dwn BEnd| =Dwn

From (58), (59) and the definition of Agggfgﬂ , Ag]%'lzén as diagonal matrices having elements

equal to the negative of w5t yPEnd ,

0 0 O 0 0 O
B _ B _
A5, =0 0 0| Bt =0 0 0 (60)
0 0 -1 0 0 1

Sequence 13 Measurement

With (58) — (59) and (6) for xrinscais Kasym> Kmis» (3) for Qg}fgt becomes for the dual +180

deg rotations:
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Bt Bsut Bi Strt Bi St Bi St
25;1; = Z’CBi g:m{( KLinScal t KAsym> u; T+2 u; X | KMisl; }
; ,

1 0 0| kor+ Kpcx 0 0 0 0 -1 0]] 0 &% xxz|[O
=0 10 0 Kyp+ Kypy 0 0|7+2[1 0 0|k 0 k[0
0 0 1 0 0 Koz ¥ Kzzz L1 00 0 ke &z 0 L1
1 0 O kx+ e 0 0 0 0 0 1] 0 &y xx|0] (61)
+Ho -1 0 0 Ky + Ky 0 Lz+2/0 0 Oflxy 0 x|l
0 0 1] 0 0 Kozt Kzzz |LO 10 0k ky 0O
0 0 -1 0k 0 0 —1[xy 2 (12 xz)
=\ ~(kyy+xp) |T+2]1 0 0l kpe [+2] 0 0 0 || 0 |=|~(kyp+Kpyy) T+2 k0
Kozt Kzzz 00 0j 0 L0 00 Koy | | (keme b2ze) T =2 Ky

i Bswt  BEnd 4B BE
With (58) — (60) for up)™, uphe, 4 Sﬁgfi’gn, A SFg;é  and (7) 08 A insear> Antiss Adsym
Ap. . (4) becomes for 55250t | so5End .
Apias> 9 5QSF Strt §QSF End

~Bg; _ B B
5251:?;” =-& (ﬂLinScal + Amis t ;LAsym Ag}isfgﬁign) L_‘Dﬁfg + 4Bias
ﬂxx ﬂ«xy /sz 0 ﬂx ﬂx -8 ﬂxz
=8| Ayx Ay Ay 01+ Ay =] Ay=84y:
Azx /Lzy Azz = Azzz 1 Az A:—8 (ﬂzz - ﬂzzz)
(62)
~BEnd _ B B
52SFE;nd =—8 (ﬂLinScal + Amis + /1Asym Asgﬁfgn) ZDEV}Zld + 4Bias
Axx ﬂxy Axz 0 Ax Ax+8& Axz
=8| A Ay Ay O+ Ay |=|  Ay*T8 4y
Z’ZX ﬂ«zy ﬂ’ZZ + ﬂ’ZZZ _1 Z’Z Z/Z + g (ﬂ’ZZ + ﬂ’ZZZ)
Substituting (61) and (62) with (58) — (59) for gg‘fézt , ngg 2 in (5), and applying (10) and
(11) for a MARS type B frame, then obtains for Ag f]S” r
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~BSirt _ BSirt <, B Strt BStrt <~BEnd ~BStrt
=g uPSirtx + -
Aay & U pwn zjEna’ Cp End 5QSF End  C4SFsu H

0 2 (Kyz+ sz) 10 0 Axt 8 Axz Ax— 8 Axz
=g|0]|x —(;(yy+;(yyy)7r+2;(xz +410 -1 0 Ayt 8 Ay — Ay—8 Ay
I (Kzz+Kzzz)”_2 Kxy 00 -l Azt g (/122"'/1222) Az—8& (/122_/1222) H
(’fyy+’fyw)”_2’fxz At & Az Ax— & Axz
=& _2(Kyz+sz) + _ﬂy_gliyz - ﬂy_gﬂyz (63)
0 _ﬂz_g(/izz+/1222) lz_g(ﬂzz_/izzz) H
g+ k) T=28 ke*28 | | glxp+ ) T-goat2g
= ~2g (et Kz) =24y = ~2(g v+ 2y)
0 0

The y component of Aégs” " in (63) is identical to that for sequence 13 in Part 1 [3, Egs. (16)].

Sequence 13 Unmodelled Gyro Bias Error Effect

With (58) for %fl,Sm , gfz’&” and (6) for xp; ., (12) for the dual +180 deg rotations

B St :
becomes for AQGym BiasRot -
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¢B Strt

2
— Bstre 2 Bi Strt Bi Strt K
A—GyroBiasRot ZCB, Strt l: T (zi X T Y; x — KBijas

1o o]f[1 0 0] fo -1 0 0 -1 0% [y
=fo 1 of{{o 1 o[+=|1 0 0[+|1 0 0 {2k,
00 1f{lo o 1] "o o of o0 o |F]|,.
—100’10020010012 K
o -1 ofdjo 1 0f+=[0 0 0f+|0 0 0f [k,
0o 0 1J{lo o 1] |-t 00| [-100] B,
1 0 0)|=2xy/7| [-1 0 0] 24,/7 (’fy+’fz)/ﬂ

o1 o0 25/ |+ 0 =1 0 Ky :( y)//),

B
00 1| & 0 0 1)—24./x (”K_sz)/ﬁ

Substituting (64) in (13) with uB St from (58) and CB S”’ ! from (59), then obtains for

e( Ang Strt) :
- GyroBias

e( Ag BStrt )
- GyroBias

_ Bsut B St
=& quZ ><< ¢

BStrt _
ZGyroBias TMeas{I + F Meas (CBEnd

0 -2 (Ky+KZ)/B

=g|0|x

(mx,—2x

=g|0|x

(2 KX_EKJ’)/,B + T Meas

)/ B

—g[(2 Kx_”Ky)/,B +TMeas(1_2FMeas) K'y}

1 0 O
+ F Meas 0

S O =
S~ O
- o O
)
(=)
|
—_

2 (xp+ x2)/ B
(Ky KZ) 'B T Meas Kx
(2 Kx— ”K'y)/ﬂ + TMeas(l_zFMeas) Ky

(7[’(2_2K'x)/ﬂ. TMeas(l_zFMeas) Kz

_Zg[(’(y+ K‘z)/ﬂ. — T Meas K‘x/z}
0
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